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ABSTRACT

One important issue in mechanism design theory is to model agents’ behaviors un-
der uncertainty. The classical approach assumes that agents hold commonly known proba-
bility assessments towards uncertainty, which has been challenged by economists in many
fields. My thesis adopts alternative methods to model agents’ behaviors. The new findings
contribute to understanding how the mechanism designer can benefit from agents’ uncer-
tainty aversion and how she should respond to the lack of information on agents’ probability
assessments.

Chapter 1 of this thesis allows the mechanism designer to introduce ambiguity to
the mechanism. Instead of informing agents of the precise payment rule that she com-
mits to, the mechanism designer can tell agents multiple payment rules that she may have
committed to. The multiple payment rules are called ambiguous transfers. As agents do
not know which rule is chosen by the designer, they are assumed to make decisions based
on the worst-case scenario. Under this assumption, this chapter characterizes when the
mechanism designer can obtain the first-best outcomes by introducing ambiguous trans-
fers. Compared to the standard approach where the payment rule is unambiguous, first-best
mechanism design becomes possible under a broader information structure. Hence, there
are cases when the mechanism designer can benefit from introducing ambiguity.

Chapter 2 assumes that the mechanism designer does not know agents’ probability
assessments about others’ private information. The mechanisms designed to implement the

social choice function thus should not depend on the probability assessments, which are

il
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called robust mechanisms. Different from the existing robust mechanism design literature
where agents are always assumed to act non-cooperatively, this chapter allows them to
communicate and form coalitions. This chapter provides necessary and almost sufficient
conditions for robustly implementing a social choice function as an equilibrium that is
immune to all coalitional deviations. As there are social choice functions that are only
implementable with coalitional structures, this chapter provides insights on when agents
should be allowed to communicate. As an extension, when the mechanism designer has no
information on which coalitions can be formed, this chapter also provides conditions for
robust implementation under all coalition patterns.

Chapter 3 assumes that agents are not probabilistic about others’ private informa-
tion. Instead, when they hold ambiguous assessments about others’ information, they make
decisions based on the worst-case belief. This chapter provides necessary and almost suf-
ficient conditions on when a social choice goal is implementable under such a behavioral
assumption. As there are social choice goals that are only implementable under ambiguous
assessments, this chapter provides insights on what information structure is desirable to the

mechanism designer.

v
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PUBLIC ABSTRACT

One important issue in mechanism design theory is to model agents’ behaviors un-
der uncertainty. The classical approach assumes that agents hold commonly known proba-
bility assessments towards uncertainty, which has been challenged by economists in many
fields. My thesis adopts alternative methods to model agents’ behaviors. The new findings
contribute to understanding how the mechanism designer can benefit from agents’ uncer-
tainty aversion and how she should respond to the lack of information on agents’ probability
assessments.

Chapter 1 of this thesis allows the mechanism designer to introduce ambiguity to
the mechanism. Instead of informing agents of the precise payment rule that she com-
mits to, the mechanism designer can tell agents multiple payment rules that she may have
committed to. The multiple payment rules are called ambiguous transfers. As agents do
not know which rule is chosen by the designer, they are assumed to make decisions based
on the worst-case scenario. Under this assumption, this chapter characterizes when the
mechanism designer can obtain the first-best outcomes by introducing ambiguous trans-
fers. Compared to the standard approach where the payment rule is unambiguous, first-best
mechanism design becomes possible under a broader information structure. Hence, there
are cases when the mechanism designer can benefit from introducing ambiguity.

Chapter 2 assumes that the mechanism designer does not know agents’ probability
assessments about others’ private information. The mechanisms designed to implement the

social choice function thus should not depend on the probability assessments, which are
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called robust mechanisms. Different from the existing robust mechanism design literature
where agents are always assumed to act non-cooperatively, this chapter allows them to
communicate and form coalitions. This chapter provides necessary and almost sufficient
conditions for robustly implementing a social choice function as an equilibrium that is
immune to all coalitional deviations. As there are social choice functions that are only
implementable with coalitional structures, this chapter provides insights on when agents
should be allowed to communicate. As an extension, when the mechanism designer has no
information on which coalitions can be formed, this chapter also provides conditions for
robust implementation under all coalition patterns.

Chapter 3 assumes that agents are not probabilistic about others’ private informa-
tion. Instead, when they hold ambiguous assessments about others’ information, they make
decisions based on the worst-case belief. This chapter provides necessary and almost suf-
ficient conditions on when a social choice goal is implementable under such a behavioral
assumption. As there are social choice goals that are only implementable under ambiguous
assessments, this chapter provides insights on what information structure is desirable to the

mechanism designer.

Vi
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CHAPTER 1
MECHANISM DESIGN WITH AMBIGUOUS TRANSFERS

1.1 Introduction

Many transaction mechanisms have uncertain rules. For instance, Priceline Express
Deals offer travelers a known price for a hotel stay, but the exact name and location of
the hotel remain unknown until the completion of payment. Alternatively, some stores run
scratch-and-save promotions. Consumers receive scratch cards during check-out, which
reveal discounts, and thus the costs of their purchases remain unknown at the time they
decide to buy. As a third example, eBay allows sellers of auction-style listings to set hidden
reserve prices.

In all the above mechanisms, the mechanism designer introduces uncertainty about
the allocation and/or transfer rule without telling agents the underlying probability distri-
bution. The subjective expected utility model can be adopted to describe agents’ decision
making without an objective probability. However, since Ellsberg (1961), many studies
have challenged this model, arguing that decision makers tend to be ambiguity-averse.!
Therefore, it is important to understand if and how a mechanism designer can benefit from
agents’ ambiguity aversion. More specifically, we would like to know whether engineering

ambiguity on rules of mechanisms can help the designer achieve the first-best outcome.

IThere is a huge literature studying ambiguity aversion from the perspective of different fields,
including (but not limited to) decision theory (e.g., Gilboa and Schmeidler (1989), Klibanoff et al.
(2005)), macroeconomics (e.g., Hansen and Sargent (2001, 2008)), finance (e.g. Chen and Epstein
(2002), Garlappi et al. (2006)), and experimental and behavioral economics (e.g., Fox and Tversky
(1995), Borghans et al. (2009)).
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This paper introduces ambiguous transfers to study two problems: full surplus ex-
traction and interim individually rational and ex-post budget-balanced implementation of
any ex-post efficient allocation rule. The problem of full surplus extraction aims to de-
sign a mechanism in which agents transfer the entire surplus to the designer. A typical
example is to establish an auction such that the auctioneer obtains the first-best revenue.
The efficient implementation problem constructs an incentive compatible, individually ra-
tional, and budget-balanced mechanism such that the socially optimal outcome emerges
as an equilibrium. The designs of bilateral trading protocols and public project financing
schemes serve as two examples. In our model, the mechanism designer informs agents
of the exact allocation rule. She also commits to one transfer rule, but the communica-
tion is ambiguous so that agents only know a set of potential ones. Without knowing the
adopted transfer rule, agents are assumed to be ambiguity-averse. More specifically, agents
are maxmin expected utility maximizers who make decisions based on the worst-case sce-
nario.

In this paper, the Beliefs Determine Preferences (BDP) property is the key condi-
tion for the existence of first-best mechanisms with ambiguous transfers. The property,
introduced by Neeman (2004), requires that an agent should hold distinct beliefs about oth-
ers’ private information under different types. Essentially, the property calls for correlated
information among agents. In a type space with finite dimension and at least two agents,
the BDP property holds for all agents generically.

We show that full surplus extraction can be guaranteed via ambiguous transfers if

and only if the BDP property is satisfied by all agents. In addition, any efficient alloca-
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tion rule is implementable via an interim individually rational and ex-post budget-balanced
mechanism with ambiguous transfers if and only if the BDP property holds for all agents.
The two characterizations are the primary results of this paper. As an extension, we also
characterize the condition for efficient implementation under a private value environment.
Then, we establish sufficient conditions for efficient implementation when agents’ beliefs
are not generated from a common prior. Lastly, we discuss the robustness of our sufficiency
results under alternative models of ambiguity aversion.

Our key condition, the BDP property, is weaker than Crémer and McLean (1988)’s
Convex Independence condition, which is necessary and sufficient for full surplus extrac-
tion via a Bayesian mechanism. Convex Independence, together with the Identifiability
condition established by Kosenok and Severinov (2008), is necessary and sufficient for
implementing any efficient allocation rule via an interim individually rational and ex-post
budget-balanced Bayesian mechanism. Hence, under both problems, this paper requires
a strictly weaker condition to obtain the first-best outcome compared to the Bayesian ap-
proach. As a result, engineering ambiguity deliberately allows the designer to achieve
first-best outcomes that are impossible under the Bayesian mechanisms, and thus the use of
ambiguous transfers can enhance social efficiency. For example, ambiguous payments can
allow the auctioneer to collect the first-best revenue that is impossible under the standard
approach. The social planner can also employ ambiguous trading protocols or tax schemes
to realize efficient trades or public projects that are impossible otherwise.

We summarize several advantages of the BDP property below. Firstly, compared to

Convex Independence, the BDP property imposes weaker restrictions on the cardinality of
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the type space. For example, in a two-agent problem, where one agent has two types and
the other has three, Convex Independence fails for one agent for sure, but the BDP property
holds for both generically. Secondly, the Identifiability condition is relaxed along with its
associated restriction on the cardinality of the type space.? For example, in a three-agent
problem where each agent has two types, the Identifiability property fails with positive
probability, but the BDP property holds generically. Thirdly, the Bayesian mechanism
design literature documents several negative results on get-balanced implementation with
two agents, but the BDP property and ambiguous transfers provide a generic solution to
such problems, which are fundamental and important in view of the many bilateral trades
and bargains occurring every day.®> Fourthly, the BDP property is easy to check. To verify
this property for an agent, we only need to make sure that she never has identical beliefs
under different types.

In this paper, the mechanism designer announces an efficient allocation rule and
introduces ambiguity in transfer rules only. To see why we impose this restriction, notice
that in our second problem (the implementation problem), the allocation rule is exogenous,
and thus, it is natural for the mechanism designer to commit to this allocation rule. In our
first problem, since the mechanism designer aims to extract the full surplus instead, she en-

dogenously chooses an ex-ante efficient allocation rule. As the efficient rule is often unique

2For the first two points, see Section 1.4 for more details.

3For example, Myerson and Satterthwaite (1983) demonstrate the impossibility of efficient bi-
lateral trading with independent information. Matsushima (2007) provides a sufficient condition
under which individually rational and budget-balanced implementation with two agents cannot be
achieved. Kosenok and Severinov (2008)’s necessary and sufficient conditions never hold simulta-
neously in two-agent environments, which could also be interpreted as an impossibility result even
if correlated information is allowed.
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in a finite-type framework, the mechanism designer does not have multiple allocation rules
to choose from. In a related paper, Di Tillio et al. (2017) study how second-best revenue in
an independent private value auction can be improved if the seller introduces ambiguity in
both allocation and transfer rules. In fact, only introducing ambiguous transfers under their
environment cannot improve the seller’s revenue compared to an unambiguous mechanism,
and thus ambiguous allocations play an important role. We discuss more on the relation-
ship with this paper in Section 1.1.1. As a by-product, the restriction on the unambiguous
allocation rule also helps clarify the scope and limitations of ambiguous transfers.

The paper proceeds as follows. We review the literature in Section 1.1.1 and in-
troduce the environment in Section 2.2. We formalize the mechanism with ambiguous
transfers in Section 1.3. The BDP property is introduced and shown to be necessary and
sufficient for our primary results in Section 1.4. Section 1.5 extends our primary results

along several directions. The Appendix collects all proofs and some examples.

1.1.1 Literature Review
1.1.1.1 Efficient Mechanisms with Independent Information
How to implement efficient allocations is a classical topic in mechanism design the-
ory that has been widely studied in situations such as public good provision and bilateral
trading. Individual rationality is a natural requirement as agents can opt out of the mecha-
nism. As a resource constraint, budget balance requires that agents should finance within
themselves for the efficient outcome rather than rely on an outside budget-breaker. When

either individual rationality or budget balance is required, the literature provides positive
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results for efficient mechanism design in private value environments. For instance, the
VCG mechanism (Vickrey (1961), Clarke (1971), and Groves (1973)) is ex-post individ-
ually rational. The AGV mechanism (d’Aspremont and Gérard-Varet (1979)) is ex-post
budget-balanced.

However, the literature documents a tension between efficiency, individual ratio-
nality, and budget balance, when agents have independent information. For example, in a
private value bilateral trading framework, Myerson and Satterthwaite (1983) prove that it is
impossible to achieve efficiency with an individually rational and budget-balanced mecha-
nism in general. With multi-dimensional and interdependent values, Dasgupta and Maskin
(2000) and Jehiel and Moldovanu (2001) prove that efficient allocations are generically
non-implementable.

One goal of the current paper is to design an efficient, individually rational, and
budget-balanced mechanism. But instead of assuming independent information, we show

that correlation is necessary and sufficient to achieve the goal.

1.1.1.2 Mechanism Design with Correlated Information

With correlated information, first-best mechanism design becomes possible. Crémer
and McLean (1985, 1988) establish two conditions to fully extract agents’ surplus in pri-
vate value auctions, among which the Convex Independence condition is necessary and
sufficient for full surplus extraction to be a Bayesian Nash equilibrium. In a fixed finite-
dimensional type space, if there are at least two agents and no one has more types than

all others’ type profiles, the condition holds for all agents under almost every prior. With-
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out restricting the dimension, different notions of genericity are adopted in the literature
and various conclusions on genericity of Convex Independence (or the weaker BDP prop-
erty) are made (e.g., Neeman (2004), Heifetz and Neeman (2006), Barelli (2009), Chen
and Xiong (2011, 2013), Gizatulina and Hellwig (2014, 2017)). With continuous types,
McAfee and Reny (1992) show that approximate full surplus extraction can be achieved.
In addition, the recent papers of Liu (2017) and Noda (2015) prove an intertemporal variant
of Convex Independence is sufficient for first-best mechanism design in dynamic environ-
ments. By introducing ambiguous transfers, Section 1.4.1 of the current paper shows that
a weaker condition, the BDP property, becomes necessary and sufficient for full surplus
extraction.

In an implementation problem, the allocation rule is exogenously given. Thus, the
mechanism designer constructs incentive compatible transfers to achieve the desired out-
come. Under the context of exchange economies, McLean and Postlewaite (2002, 2003a,b)
propose the notion of informational size and prove the existence of incentive compatible
and approximately efficient outcomes when agents have small informational size.* Under a
mechanism design framework, McLean and Postlewaite (2004, 2015) implement efficient
allocation rules via individually rational mechanisms under the BDP property. In their
mechanisms, small outside money is needed even when agents are informationally small.
Different from these papers, our mechanism for implementation in Section 1.4 is exactly
efficient, individually rational, and budget-balanced without imposing any informational

smallness assumption.

“4For related results, see also Sun and Yannelis (2007, 2008).
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A few papers study budget-balanced mechanisms with or without independent in-
formation, including Matsushima (1991), Aoyagi (1998), Chung (1999), d’ Aspremont et
al. (2004), Miller et al. (2007), etc.’ Among these works, d’Aspremont et al. (2004) pro-
pose necessary and sufficient conditions for budget-balanced mechanisms. None of these
papers requires individual rationality. Also, they assume that there are at least three agents.
In fact, d’ Aspremont et al. (2004) indicate an impossibility result in implementing efficient
allocations via budget-balanced mechanisms with two agents under correlated information.
However, we do require individual rationality, and our mechanism with ambiguous trans-
fers works for environments with at least two agents.

Matsushima (2007), Kosenok and Severinov (2008), and Gizatulina and Hellwig
(2010) among others design individually rational and budget-balanced mechanisms. Among
them, Kosenok and Severinov (2008) propose the Identifiability condition, which along
with the Convex Independence condition, is necessary and sufficient for implementing any
ex-ante socially rational allocation rule via an interim individually rational and ex-post
budget-balanced Bayesian mechanism. The Identifiability condition is generic with at least
three agents and under some restrictions on the dimension of the type space, but Convex
Independence and Identifiability never hold simultaneously in a two-agent setting. Thus
Kosenok and Severinov (2008) imply an impossibility result in efficient, individually ratio-
nal, and budget-balanced two-agent mechanism design. In our paper, the BDP property is

weaker than Convex Independence, and we do not need Identifiability. Moreover, the BDP

> Matsushima (1991), Chung (1999), d’Aspremont et al. (2004) only consider private value
utility functions. In this case, incentive compatibility can be achieved via a VCG mechanism, rather
than via information correlation. Thus, they allow for independent information.
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property holds generically in a finite-dimensional type space with at least two agents, and

thus we make the impossible possible for two-agent implementation problems.

1.1.1.3 Mechanism Design under Ambiguity

In the growing literature on mechanism design with ambiguity-averse agents, most
of the works assume exogenously that agents hold ambiguous beliefs of others’ types. For
example, Bose et al. (2006) prove that when agents are more ambiguity-averse than the
auctioneer, a full insurance transfer rule is optimal in a private value auction. Bose and
Daripa (2009) achieve almost full surplus extraction in a dynamic auction by exploiting
the dynamic inconsistency of prior-by-prior updating. Bodoh-Creed (2012) characterizes
the revenue-maximizing mechanism with a payoff equivalence theorem. de Castro and
Yannelis (2018) prove that all Pareto efficient allocations are incentive compatible when
agents’ ambiguous beliefs are unrestricted. Accordingly, de Castro et al. (2017a,b) imple-
ment all Pareto efficient allocations. Under the private value assumption, Wolitzky (2016)
establishes a necessary condition for the existence of an efficient, individually rational, and
weak budget-balanced mechanism. In an environment with multi-dimensional and inter-
dependent values, Song (2016) quantifies the amount of ambiguity that is necessary and
sometimes sufficient for efficient mechanism design. We do not assume exogenous ambi-
guity in agents’ beliefs, which is the biggest difference between the above papers and our
work.

Bose and Renou (2014) and Di Tillio et al. (2017) contrast the above works in that

ambiguity is endogenously engineered by the mechanism designer. Before the allocation
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10

stage, Bose and Renou (2014) let the mechanism designer communicate with agents via
an ambiguous device, which generates multiple beliefs. Their paper characterizes social
choice functions that are implementable under this method. Our paper is different from
Bose and Renou (2014), as we do not need multiple beliefs on other agents’ private infor-
mation.

Di Tillio et al. (2017) consider the problem of revenue maximization in a private
value and independent belief auction. The seller commits to a simple mechanism, i.e.,
an allocation and transfer rule, but informs agents of a set of simple mechanisms. As all
the simple mechanisms generate the same expected revenue (imposed by the Consistency
condition), agents do not know the exact rule and thus make decisions based on the worst-
case scenario. Compared to the standard Bayesian mechanism, their ambiguous approach
yields a higher expected revenue.

In the current paper, ambiguity is engineered in a similar way to Di Tillio et al.
(2017). However, instead of studying how ambiguous mechanisms improve second-best
revenues under independent beliefs, our paper studies when the first-best outcome in sur-
plus extraction or implementation can be achieved without restricting attention to indepen-
dent beliefs.

As mentioned before, we fix an efficient allocation rule and only allow for ambigu-
ity in transfer rules, but in D1 Tillio et al. (2017)’s mechanism both allocation and transfer
rules are ambiguous. Our restriction on unambiguous allocation rule is compatible with
Di Tillio et al. (2017)’s Consistency condition. In our full surplus extraction problem, each

transfer rule gives the revenue-maximizing designer the first-best revenue. In our imple-
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mentation problem, since the allocation rule is ex-post efficient and each transfer rule is
ex-post budget-balanced, each transfer rule leads to the first-best efficiency. Therefore,
Consistency is satisfied. The restriction on unambiguous allocation rule is closely related
to two facts: (1) we aim to achieve the first-best outcome, and (2) our argument is con-
fined to a finite type space. Allowing for ambiguity in allocation rules may fail full surplus
extraction and implementation. To see this, consider a finite-type environment where the
total surplus is maximized by a unique allocation rule. In this case, any other allocation
rule is inefficient and has a lower surplus level. As the efficient allocation rule must be
used in the mechanisms for full surplus extraction and implementation, and as agents know
the designer’s objective is to maximize revenue or efficiency, any other rule with a lower
surplus level is non-credible to the agents. Hence, multiple allocation rules should not be
used in an ambiguous mechanism for first-best outcomes.

The essential factor that enables us to achieve the first-best outcome in a finite-type
environment is the correlation in agents’ beliefs. In fact, we show correlated information
is necessary and sufficient for full surplus extraction and implementation of any efficient
allocation, under both interdependent value and private value cases. Correlation also results
in different constructions of mechanisms between Di Tillio et al. (2017) and the current
paper: in our main section (Section 1.4), we only need two transfer rules, while the number
of simple mechanisms in their paper depends on the cardinality of the type space.

In Di Tillio et al. (2017)’s optimal mechanism under independent beliefs and finitely
many types, ambiguity in allocation rules plays a role. Therefore, they cannot obtain the

first-best outcome. In fact, in a screening or an independent private value auction frame-
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work, allowing for ambiguous transfers but not ambiguous allocations does not improve
the seller’s revenue compared to a standard unambiguous mechanism. However, according
to Di Tillio et al. (2017)’s Appendix B, their approach works for full surplus extraction
with continuous types. This is because there are infinitely many ex-ante efficient alloca-
tion rules, or infinitely many allocation rules that are ex-post efficient almost everywhere.
Among them, every two rules are the same except in a null set of the type space. In a
continuous type space, if an efficiency-maximizing social planner wants to implement an
ex-post efficient allocation rule almost everywhere, she can follow the approach of Di Tillio
etal. (2017)’s Appendix B as well. Hence, the current paper only focuses on environments

with finitely many types.

1.2 Asymmetric Information Environment

The asymmetric information environment is given by & = {I, A, (0;, u;)¥,, p}.

Let [ = {1,..., N} be a finite set of agents. Assume N > 2.

Denote the set of feasible outcomes by A.

Let 0; € ©; be agent ¢’s type. For simplicity, denote x;c;0; by ©, X c1 ;40; by O_,
and Xyes k20K by ©O_;_;. Let |©,| represent the cardinality of ©;, where we assume

2 < ’(")1’ < 00.%

Each agent i has a quasi-linear utility function u;(a, 6) + b, where a € A is a feasible

outcome, b € R is a monetary transfer, and 6 € O is the realized type profile.

%The assumption that |©;| > 2 for all 4 is imposed for simplicity of notation. When at least
two agents satisfy this cardinality condition, all theorems and propositions of this paper hold. See
Appendix A.2 for more details.
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e Let p be a probability distribution on ©, denoting agents’ common prior. Let p(6;)
and p(6;,6;) represent the marginal distribution of p on 6; and (6;,0;) respectively.
When agent ¢ has type 6;, her belief is derived from Bayesian updating p, i.e., others
have type profile §_; € ©_; with probability p;(6_;|0;). For agent j # i and type 6;,
we let p;(6;]6;) denote the marginal belief of p;(-6;) = (p;(6—:|6:))o_,co_, on type 6;.

The structure of the environment £ is assumed to be common knowledge between
the mechanism designer and the agents, but every agent’s realized type is her private infor-
mation.

We impose the following assumption throughout the paper unless otherwise speci-

fied.
Assumption 1.2.1: Foralli,j € I withi # j, and (6;,0;) € ©,x 0, assume p(6;,6;) > 0.

An allocation rule ¢ : © — A is a plan to assign a feasible outcome contin-

gent on agents’ realized type profile. An allocation rule ¢ is said to be ex-post efficient if

Sicrui(q(9),0) = >, ui(q(8),0) forallg : © — Aand 6 € ©.

1.3 Mechanism with Ambiguous Transfers

This section formalizes the mechanism adopted in the paper.

Definition 1.3.1: A mechanism with ambiguous transfers is a triplet M = (M, q, ),
where M = X ;<1 M, is the message space, ¢ : M — A is a message-contingent allocation
rule, and  is a set of message-contingent transfer rules with a generic element ¢: M —

RN. We call the set ® ambiguous transfers.
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The mechanism works in the following way. The designer first commits to the
message-contingent allocation rule ¢ : M — A and an arbitrary message-contingent trans-
fer rule qg ed secretly. Before reporting messages, agents are informed of the message-
contingent allocation rule ¢ and ambiguous transfers ®, but not ¢. After agents report
their messages, the mechanism designer reveals ¢. Then allocations and transfers are made
according to the reported messages as well as ¢ and gg

In this mechanism, agents face both risk and uncertainty. They merely know the
distribution of others’ private information, which we interpret as the risk. Their limited
knowledge of the exact message-contingent transfer rule chosen by the designer leads to
a layer of uncertainty. For each message-contingent transfer rule, agents compute their
expected payoffs based on beliefs generated by the common prior. As agents only know
the set (f, we follow the spirit of Gilboa and Schmeidler (1989)’s maxmin expected utility
(MEU) and assume that agents make decisions based on the worst-case expected payoff.

A strategy of agent ¢ is a mapping o; : ©; — M, where M, is agent ¢’s message
space and M = X;c;M;. Like most mechanism design works with ambiguity aversion
(e.g., Wolitzky (2016), Di Tillio et al. (2017)), we restrict attention to pure strategies.” An

equilibrium of the mechanism M = (M, §, ) is a strategy profile ¢ = (0;);c; such that

"When there is no ambiguity, the restriction is without loss of generality. When there is ambi-
guity, depending on how the payoff of playing a mixed strategy is formalized, the restriction could
be with or without loss of generality. See Wolitzky (2016) for more details.
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foralli € 1,0, € ©;,and o/ : ©; — M,.

This paper studies two related but different objectives. One is full surplus extrac-
tion by a revenue-maximizing mechanism designer, and the other is implementation of an
efficient allocation rule via an interim individually rational and ex-post budget-balanced
mechanism.

A mechanism with ambiguous transfers M = (M, g, é) is said to extract the full

surplus if there exists an equilibrium o such that

=22 6io®)p(®) = max > > ui(d(®).0)p(0). 6 € & (L)

0O icl 0O icl

The requirement that every ¢ € ® achieves the same ex-ante revenue follows from Di Tillio
etal. (2017)’s Consistency condition. To see this, suppose some ¢ achieves a lower ex-ante
revenue compared to another element in ®. As the mechanism designer’s objective is to
obtain the highest revenue, gg is non-credible to buyers. Thus, in this case gZ should not be
included in ®.

A mechanism with ambiguous transfers M = (M, g, CiD) is said to (partially) im-
plement the efficient allocation rule g : © — A, if there exists an equilibrium ¢ such that
G(a(f)) = q(0) forall § € O.

If for each agent ¢ € I, we have M; = O, i.e., M = O, then M is said to be a di-
rect mechanism. We omit the message space © in direct mechanisms. A direct mechanism
(¢, @) satisfies interim incentive compatibility if infsco >y .o [ui(q(6s,0-:), (6;, 0_:))+
Gi(0:,0-0)pi(0-i0;) > infyen Doy o [wi(q(8],0-0), (6:,0-:)) +6: (6}, 0-5)Ip:(0—416;) for
alli € I, 0;,0, € ©,. Lemma 1.3.1 (on revelation principle) implies that it is without loss

of generality to focus on incentive compatible direct mechanisms.
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Lemma 1.3.1: Full surplus extraction can be achieved via a mechanism with ambiguous
transfers if and only if there is an incentive compatible direct mechanism with ambiguous
transfers (q, ®) that extracts the full surplus. An allocation rule ¢ : © — A is imple-
mentable via a mechanism with ambiguous transfers if and only if there exists an incentive

compatible direct mechanism with ambiguous transfers (¢, ).

Throughout this paper, the outside option x( is normalized to give all agents zero
payoffs at all type profiles. A direct mechanism with ambiguous transfers (¢, ®) satisfies

interim individual rationality if
inf [wi (q(6;,0-3), (0;,6-5)) + ¢5(6:,0_;)]pi(0_:]0;) >0

forall 7 € I and §; € ©,. For both full surplus extraction and implementation, we re-
quire that the mechanism should be interim individually rational so that agents participate
voluntarily.

A direct mechanism with ambiguous transfers (g, ®) satisfies ex-post budget bal-
ance if )., ¢;(#) = O forall ¢ € ® and ¢ € ©. To implement an efficient allocation
rule ¢, we also require the mechanism should be ex-post budget-balanced so that outside
money is not needed to finance the efficient outcome. Budget balance is not required for the

problem of full surplus extraction because the mechanism designer collects the full surplus.

1.4 Necessary and Sufficient Condition
Our key condition, the Beliefs Determine Preferences property, is introduced by

Neeman (2004). It requires that an agent with different types should have distinct beliefs.

www.manaraa.com



17

Definition 1.4.1: The Beliefs Determine Preferences (BDP) property holds for agent i if

there does not exist 0;,0; € ©, with 0, #+ 0, such that pi(+0:) = pl(\él)

The BDP property requires that agents’ beliefs should be correlated. Many forms
of correlation, including positively or negatively correlated information, can be accommo-
dated.

The following subsections present the necessary and sufficient condition for full

surplus extraction and implementation. The BDP property plays a key role in both results.

1.4.1 Full Surplus Extraction
Theorem 1.4.1: Given a common prior p, full surplus extraction under any profile of utility
functions can be achieved via an interim individually rational mechanism with ambiguous

transfers if and only if the BDP property holds for all agents.

In the Appendix, the proof starts with converting the original problem into find-
ing incentive compatible ambiguous transfers such that every interim individual rationality
constraint binds.

The necessity part is proved through constructing utility functions such that full
surplus extraction cannot be achieved when the BDP property fails for some agent.

We prove the sufficiency part by constructing a mechanism consisting of two trans-
fer rules. Although there are mechanisms with more transfers that extract the full surplus,
to be consistent with the spirit of minimal mechanisms of Di Tillio et al. (2017), we only
present the one with two rules.

The construction is decomposed into several lemmas, which are useful for both
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full surplus extraction and implementation. Lemma A.1.1 shows that for each : € [ and
0;, éi € O, satisfying 0; #* éi, there exists a budget-balanced transfer rule wéiéi such that
(1) it gives every agent zero expected value when all agents truthfully report, and (2) a
type-0; agent i achieves a negative expected value when she misreports 6; and all others
truthfully report. This step is proven via Fredholm’s theorem of the alternative. Note that
wéi 2 only needs to satisfy one incentive compatibility constraint. Its existence is guaranteed
by the BDP property. Lemmas A.1.2 and A.1.3 construct a linear combination of transfer
rules (wéiei) ic1.6,6,c0,8+6,» denoted by 1, such that ¢ is ex-post budget-balanced, gives
all agents zero expected values when they truthfully report, and gives an agent a non-zero
expected value when she is the only misreporter. Pick an ex-post efficient allocation rule ¢
and let 7;(0) = —u;(q(0),0) foralli € [ and 6 € O.

In the end, let the set of ambiguous transfers for agent ¢ be ®; = {n; + cb;, m; —
c; }. Notice firstly that 7; transfers agent i’s entire surplus to the mechanism designer
and secondly 1; has zero expected value when every agent truthfully reports. Thus, every
interim individual rationality constraint binds. In addition, as 1); has non-zero expected
value whenever ¢ misreports unilaterally, the lower value out of 7; + cv; and 7; — ci); is
negative under a sufficiently large c. Thus, incentive compatibility can be achieved.

We remark that in the construction of ambiguous transfers, budget balance of 1
among all agents is not necessary for full surplus extraction. Alternatively, we could follow
Crémer and McLean (1988) and construct N unrelated transfer rules (zﬂz)lE ; that do not

necessarily balance the budget, where each 151 (1) gives ¢ zero expected value when all

agents truthfully report, and (2) gives 2 non-zero expected value when she misreports uni-
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laterally. However, requiring budget balance of ¢ does not impose a stronger restriction on
the common prior p. It allows us to use the same lemmas to study both full surplus extrac-
tion and implementation. In addition, we achieve ex-post full surplus extraction. Namely,
if the mechanism designer wishes to equate the ex-post revenue and ex-post total surplus,
our method still works.

In a finite type space with N > 2 and |©;| > 2 for all 7, our necessary and sufficient
condition holds for almost every common prior p € A(©).2

Under Bayesian mechanisms, full surplus extraction can be guaranteed if and only

if the Convex Independence condition, defined below, holds for all agents.

Definition 1.4.2: The Convex Independence condition holds for agent i € I if for any type

0; € O, and coefficients (Céi)éieei >0, pi(+|0;) # Zéie@i\{@} céipi(~]éi).

The necessary and sufficient condition for Bayesian full surplus extraction holds for
almost all priors when N > 2 and 2 < |9;| < |©_;| for all i € I. However, when |©;| >
|©_,;|, the Convex Independence condition fails with positive probability. In Example 1.4.1
where |©y] = 3 > |©;] = 2, the Convex Independence condition fails for agent 2 under
every prior. As another instance, if N = 3 and (|©4], |O2], |O3]|) = (5,2,2), it is easy to
find a non-negligible set of priors under which agent 1’s Convex Independence fails.

The BDP property is weaker than Convex Independence in two aspects. Firstly, the
BDP property holds generically even if |©;| > |©_;|. Secondly, the BDP property can ad-

dress some linear cases of correlation that are ruled out by Convex Independence. When the

81f agents without private information are included in I (see Appendix A.2), the BDP property
holds generically for all agents if there exists 4, j € I with i # j such that |©;|, |©;] > 2.
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BDP property holds for all agents but the Convex Independence fails for someone, mech-
anisms with ambiguous transfers can perform strictly better than Bayesian mechanisms in
full surplus extraction.

Intuitively, with multiple transfer rules, an agent’s worst-case expected payoffs of
different misreports are attained by distinct transfers. Compared to Bayesian mechanisms,
we do not need one transfer rule to satisfy all incentive compatibility constraints. Hence,

the full surplus can be extracted under a weaker condition than Convex Independence.

Example 1.4.1: This example demonstrates how ambiguous transfers work. Consider a
two-agent environment where one agent has three types, and the other has two. In this
case, agent 2’s Convex Independence condition never holds. Hence, full surplus extraction
cannot be guaranteed via a Bayesian mechanism. However, when ambiguous transfers are
allowed, full surplus extraction can be guaranteed under almost all common priors.

For illustration, consider a common prior p € A(O) defined below.

Table 1.4.1: Prior of Example 1.4.1

p |0y | 03] 63
oI 10102702
921020102

The belief of 03 is a convex combination of 0 and 03. Therefore, the Convex In-
dependence condition fails for agent 2. We briefly sketch Crémer and McLean (1988)’s

argument to see why full surplus extraction is impossible via a Bayesian mechanism in an
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auction with private values satisfying 03 > 02 > 03 > 0, > 0 for all 0, € ©,. Suppose by
way of contradiction that a transfer rule to agents, ¢ = (¢1,d2) : © — R?, extracts the
Sull surplus. To maximize social surplus, the good should always be allocated to agent 2.

As agent 2 obtains zero surplus at every type, incentive compatibility implies:

1C(6462) 0> 05 + 501(01,63) + 501 (67, 63),

Averaging them yields 0 > 103 + 5603 + $¢1(61,03) + 561(61,603) > 05 + 201(01,63) +
21(0%,03). This is a contradiction, as type-03 agent 2 should have non-negative payoff-
Hence, the standard Bayesian mechanism design approach cannot extract the full surplus.

Next, we see how ambiguous transfers can help. Let the set of ambiguous transfers

be ® = (o', ¢?). Transfers ¢' = (¢, d3) and ¢* = (@2, ¢3) are defined as follows.

. c(01,02), ifi=1, ) —cp(6y,02), ifi=1,
¢; (61,0,) = ¢; (01,02) =
—92 — c¢(91,92), le = 2, —02 + Cw(gl, ‘92), le = 2,

where ¢ > 1.5(03 — 03), and 1 : © — R is given below.

Table 1.4.2: Side Bet of Example 1.4.1

v 0y | 03] 65
o =2 —1] 2
211 | 2 |2

Notice when both agents truthfully report, for each agent i and type 0;, (0;,-)
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has zero expected value under belief p;(-|0;). However, when she unilaterally misreports
0; £0;, ¢(éi, -) has a non-zero expected value.

Suppose agents truthfully report, both ¢* and ¢* give the mechanism designer the
expected social surplus, 0.303+0.302+0.465, and both agents obtain zero expected payoffs.

Then we check incentive compatibility. When type-0, agent 1 misreports 0, £ 0,
her worst-case expected payoff is min{+ } , _¢. cp(0y,02)p1(02]01)} < 0 and thus misre-
porting is not profitable. When type-05 agent 2 misreports 0y +£ 0y, her worst-case expected
payoff is min{f, — 0y + 0291661 (6, ég)p2(01|§2)} < 0y — B, Therefore, any “upward”
misreport is not profitable. As ¢ > 1.5(0) — 603) and 63 > 03 > 03, it is easy to verify the

three “downward” incentive compatibility constraints:

1C(6,63) 0> 63— 03 —c|b x (=1)+2x2/ =0, — 62—,
1C(0,63) 0>6) — 603 —cll x242x(=2)]=6] — 63 - ¢,
1C(0365) 0> 02— 63 —c|2x2+1x(-2)] =626 2

Therefore, the full surplus can be extracted via ambiguous transfers.

The BDP property plays an indispensable role in this example. To see this, con-
sider another prior p satisfying ps(-|03) = pa(-|03) and suppose by way of contradiction
that full surplus extraction is guaranteed by a set of ambiguous transfers ®. By truthfully
revealing (misreporting), every agent should obtain zero (non-positive) expected payoff. In
particular, by misreporting 03, type-03 agent 2 has expected payoff of

inf {65+ > ¢1(61,65)p2(61163)} = 03 + inf D G1(61,63)p2(61163) < 0.

¢€¢) 0,€0, ¢€q> 0,€0,
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As Do(+|03) = pa(+|63), the above expression, along with 03 > 02, implies that

03+ inf > di(61,03)p2(61163) = qiznf;{eg + Y 6161, 03)pa(64163)} <0,
(S

PP 6,€0, 01€0,

a contradiction with individual rationality of type-03 agent-2. Hence, full surplus extraction

cannot be guaranteed.

1.4.2 Implementation
Theorem 1.4.2: Given a common prior p, any ex-post efficient allocation rule under any
profile of utility functions is implementable via an interim individually rational and ex-
post budget-balanced mechanism with ambiguous transfers if and only if the BDP property

holds for all agents.

When the BDP property fails, we construct utility functions under which an efficient
allocation rule is not implementable, which can prove the necessity part of this theorem.

For the sufficiency part, recall that Lemma A.1.1 has constructed budget-balanced
transfer rule v that gives agents zero expected values when they truthfully report, and
gives agent ¢ non-zero expected value when she misreports unilaterally. Pick any ex-post
budget-balanced and interim individually rational transfer rule 7). Let the set of ambiguous
transfers be & = {n + cy»,n — cb}. Incentive compatibility can be achieved by choosing a
sufficiently large c.

We remark that efficiency of an allocation rule ¢ does not play a role in the proof.
In fact, by combining our proof with that of Kosenok and Severinov (2008), Theorem
1.4.2 can be extended to implement any ex-ante socially rational allocation rule ¢, i.e., q

satisfying > pcq D ser wi(q(6),0)p(0) > 0. Hence, a large set of inefficient allocations are
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implementable under the BDP property.

Kosenok and Severinov (2008) prove that the conditions of Convex Independence
and Identifiability are necessary and sufficient for implementing any efficient or ex-ante
socially rational allocation rules via an interim individually rational and ex-post budget-

balanced Bayesian mechanism.

Definition 1.4.3: The common prior p(-) satisfies the Identifiability condition if for any

p(-) # p(-), there exists an agent i € I and her type 0; € ©;, with p(0;) > 0, such that for

any (¢ )s.co, = 0. Di(10:) # 4o, co.pi(-10:).

The Identifiability condition is generic in a finite type space with N = 3 and |©;| >
3 for some ¢« € I or N > 3, but it fails with positive probability otherwise. In particular,
Kosenok and Severinov (2008) have remarked that only independent beliefs satisfy this
condition when N = 2, and thus Convex Independence and Identifiability can never hold
simultaneously in two-agent settings. In a budget-balanced Bayesian mechanism without
the Identifiability condition, some agent ¢ may have the incentive to misreport in a way
that makes the truthful report of some j # ¢ appear untruthful. This is because by budget
balance, ¢ can benefit from the low expected transfer to j, which is the punishment due to
7’s (seemingly) untruthful report. However, when the set of ambiguous transfers ® is used,
1 does not have such an incentive, because it remains ambiguous whether misreport of j
would result in a high or low expected transfer to j. Hence, with ambiguous transfers, we
can relax the Identifiability condition.

As the BDP property is weaker than the Convex Independence condition, and we
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do not need the Identifiability condition, our ambiguous transfers require a weaker condi-
tion than Bayesian mechanisms. The difference between our condition and that of Kosenok
and Severinov (2008) characterizes when ambiguous transfers perform strictly better than
Bayesian mechanisms in implementation of all efficient or ex-ante socially rational alloca-
tion rules. In particular, as Convex Independence and Identifiability never hold simultane-
ously in two-agent settings, ambiguous transfers provide a solution to the impossibility of
two-agent individually rational, budget-balanced, and efficient mechanism design generi-

cally.

Example 1.4.2: This example demonstrates how ambiguous transfers work for implemen-
tation. As in Example 1.4.1, we still consider a two-by-three environment.

Recall the common prior p in Example 1.4.1, for which the Identifiability condition
fails as well. We follow Kosenok and Severinov (2008)’s approach to construct utility
functions under which an efficient allocation rule is not Bayesian implementable. Let the
feasible set of alternatives A be {xq, x1, x2}. The outcome xq gives both agents zero payoffs
at all type profiles. The payoffs given by x| and xo are presented below, where the first

component denotes agent 1’s payoff and the second denotes 2’s. We assume 0 < a < B.

Table 1.4.3: Feasible Outcomes in Example 1.4.2

x| 03 | 03 | 603 Ty | 05 05 05
0{ | a,0 | a,a | a,a 0i | a,a | a—2B,a+ B | a,0
6? | a,0 | a,a | a,a 0? | a,a | a—2B,a+ B | a,0
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The efficient allocation rule is q(0y,0) = x5 and q(0,,03) = q(01,035) = x, for all
0, € O1. To see q is not implementable via an interim individually rational and ex-post
budget-balanced Bayesian mechanism, we suppose by way of contradiction that there is a
transfer rule ¢ : © — RY implementing q. Multiplying 1C(016?), IC(0320}), 1C(0362),
and IC(020}) by 0.5,0.5,0.3, and 0.3 respectively, summing them, and taking into account
ex-post budget balance yield 0 > —a + B, a contradiction.

To see how ambiguous transfers work, let ¢* and ¢* be the two potential transfer

rules, where for all (61, 63) € ©1 X O,

(61, 09), ifi=1, —cp(01,02), ifi=1,
¢; (01, 65) = @; (01, 02) =
_Cw<91a 92)7 lfl = 27 C¢(917 02)a l.f'L = 2a
¢ > B, and 1) is defined in Example 1.4.1. Note that both ¢' and ¢* are ex-post budget-
balanced.
Type-0; agent i’s individual rationality holds, because (1) u;(q(0;,0_;), (0;,0_;)) =
aforalli € I and (0;,0_;) € © and (2) 1;(0;,-)’s expected value is 0 under belief p;(-|0;).
Now we demonstrate one incentive compatibility constraint IC(036}). Such a mis-

report gives agent 2 a worst-case expected payoff of a + B — ¢|2 x (=2) + 5 x (1)| =

5
a + B — ¢ < a. The other incentive compatibility constraints can be verified similarly.
Therefore, the ambiguous transfers implement q.

Again, the BDP property plays an essential role. To see this, consider a prior p

satisfying p2(+103) = pa(-|03). Suppose by way of contradiction that the interim individu-

ally rational and ex-post budget-balanced ambiguous transfers ® implement q. Then the
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following inequalities hold:

IC(0363) inf{a+ > Ga01,03)p2(601]63)} > inf > (61, 03)p2(61]63),

PED 0,0, S g

IC(636)) inf{a+ > ¢a(61,63)p2(6:163)} > 1nf{a—|—B+ D ba(61,63)p2(6:1163)}.

PED 0,€0, 6,€0,
As Po(+|03) = po(-|03), summing the two expressions yields 2a > a + B, a contradiction.
Hence, implementation via an interim individually rational and ex-post budget-balanced

mechanism with ambiguous transfers cannot be guaranteed.

1.5 Extension
1.5.1 Implementation under Private Value Environments

When proving the necessity part of Theorem 1.4.2, we construct a profile of inter-
dependent value utility functions. Some may wonder if the BDP property is necessary for
implementation under private value environments. We will show at least NV — 1 agents satis-
fying the BDP property is necessary and sufficient for ex-post efficient, interim individually
rational, and ex-post budget-balanced implementation under all private value utility func-
tions. We will also demonstrate that the condition is strictly weaker than the one needed
for Bayesian implementation under private value environments.

A utility function w; is said to have private value if u; (a, (6;,0_;)) = u;(a, (6;,0";))
forall §; € ©;,0_;,,0' , € ©_;, and a € A. We denote u; (a, (0;, Q_i)) by u;(a, ;) in this

case.

Theorem 1.5.1: Given a common prior p, any ex-post efficient allocation rule under any

profile of private value utility functions is implementable via an interim individually ratio-
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nal and ex-post budget-balanced mechanism with ambiguous transfers if and only if the

BDP property holds for at least N — 1 agents.

We prove the necessity part by construction again, but the utility functions have
private values. For the sufficiency part, we first construct transfers such that N — 1 agents
are incentive compatible. Then by allocating all the surplus to the remaining agent and
aligning her incentives with the mechanism designer, the agent will also report truthfully
in the private value environment, i.e., when all agents have private values.

Recall that efficiency of the allocation rule ¢ does not play any role in Theorem
1.4.2, and that one can implement inefficient but ex-ante socially rational allocation rules
if all agents satisfy the BDP property. However, when only N — 1 agents satisfy the BDP
property, efficiency of ¢ plays a role in this proof, where we let the agent whose BDP prop-
erty fails be a budget breaker. Example A.1.1 in the Appendix illustrates that an inefficient
allocation rule may not be implementable if just N — 1 agents satisfy the BDP property.

Compared to Theorem 1.4.2, Theorem 1.5.1 implies that we only need a weaker
condition for implementation if focusing on private value environments. But according
to Theorem 1.5.1, even if ambiguous transfers are allowed and we confine our analysis
to private value environments, we can always find non-implementable allocations when
information is independent across agents.

To compare ambiguous transfers with Bayesian mechanisms, we present the follow-

ing necessary condition for Bayesian implementation under private value environments.

Proposition 1.5.1: Given a common prior p, if any ex-post efficient allocation rule q under
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any profile of private value utility functions is implementable via an interim individually
rational and ex-post budget-balanced Bayesian mechanism, then the Convex Independence

condition holds for at least N — 1 agents.

The necessary condition of Proposition 1.5.1 is stronger than the necessary and
sufficient one of Theorem 1.5.1. Hence, when the condition of Theorem 1.5.1 holds but the
one of Proposition 1.5.1 fails, ambiguous transfers perform strictly better than Bayesian
mechanisms in implementation under private value environments.’

By strengthening the necessary condition of Proposition 1.5.1 with the Identifia-
bility condition, we can adapt the argument of Kosenok and Severinov (2008) to give a
sufficiency result on Bayesian implementation of efficient allocations under private val-
ues. Hence, when Identifiability and the condition of Proposition 1.5.1 hold, ambiguous

transfers do not perform better than Bayesian mechanisms.

1.5.2 No Common Prior
This subsection adopts Aumann (1976)’s “agree to disagree” framework to study
ambiguous transfers. Namely, we relax the assumption that beliefs are generated by a
common prior but still assume common knowledge of their structure. See Morris (1995)
for a review of the justifications of modeling with and without a common prior.

The common prior assumption is used in proofs of our previous theorems. In fact,

9The necessary condition of Proposition 1.5.1 is not sufficient for Bayesian implementation. In
fact, when N = 2, for each common prior, one can construct an efficient allocation rule under a
private value environment that is not implementable via individually rational and budget-balanced
Bayesian mechanisms. Hence, ambiguous transfers improve upon Bayesian mechanisms under
two-agent private value environments generically.
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without a common prior, it is not hard to construct examples where the BDP property is no
longer sufficient for implementation under interdependent values.! Hence in this section,
we provide sufficient conditions under which efficient allocations are implementable via
an interim individually rational and ex-post budget-balanced mechanism with ambiguous
transfers. We also demonstrate with examples that ambiguous transfers can implement
Bayesian non-implementable allocations.

In Bayesian mechanism design literature, Bergemann et al. (2012), Smith (2010),
and Borgers et al. (2015) have documented results related to ex-post efficiency maximiza-
tion under the “agree to disagree” framework. Without requiring individual rationality
and budget balance, Bergemann et al. (2012) show that the BDP property is sufficient for
Bayesian implementation of efficient allocations, but the current paper requires interim in-
dividual rationality and ex-post budget balance. Smith (2010) compares the welfare of two
different mechanisms on public good provision, and Borgers et al. (2015) provide a suf-
ficient condition on when agents’ interim payoffs can be arbitrarily increased, given there
is an incentive compatible mechanism. Different from Smith (2010) and Borgers et al.
(2015), the current section provides a general condition on when the first-best efficiency is
implementable.

In this subsection, p;(-|6;) still represents the belief of type-6; agent i, although the

beliefs are not generated by a common prior, i.e., there does not exist p € A(O) with

10Without a common prior, full surplus extraction can still be guaranteed via ambiguous transfers
when the BDP property holds for all agents. However, full surplus extraction does not mean revenue
maximization. By utilizing the lack of common prior between the mechanism designer and agents,
the mechanism designer can arbitrarily increase ex-ante revenue. Therefore, we do not study this
problem in this section.
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p(6;) > 0 for all #; € O; such that every p;(-|0;) is obtained by Bayesian updating p. We
start with replacing Assumption 1.2.1 with the following one throughout this subsection

because without a common prior, the notation p(6;, 6;) is not well defined.

Assumption 1.5.1: For eachi,j € I, 1 # j, and (0;,0;) € ©; x ©,, assume p;(0;]0;) > 0.

pi(0;,0—i—;165)
pi(0510;)

Given this assumption, when /N > 3, the notation p;(0_;_;|0;,0;) = is
well-defined.

Below we introduce a condition called the No Common Prior* property, which
strengthens the assumption that agents’ beliefs are not generated by a common prior. For

all i # j, 0;, and 6;, let p;(0;, -|0;) be the vector (p;(6;,0_;_;16;)), ~when N > 3,

—i—j 69_1'_]

and be the number p,(6;]0;) when N = 2.

Definition 1.5.1: Agent 1 satisfies the No Common Prior* (NCP*) property if there do not

exist types 0; # 0;, a prior € A(©), and constants C' > 0 and C' > 1 such that

1. p(8;) > 0 and p(9-;16;) = p;(0-16,) for all (j,6;) # (i, 6:);

2. Cpi(0;,-16)) = pi(0;,-16:) + CEG 1 (6;,16,) for all j # i and 0.

p;(0:165)"7

When there is a common prior over ©, one can show the NCP* property is equiv-
alent to the BDP property. Without a common prior over ©, the statement of the NCP*
property cannot be simplified. It requires that there should not exist two types 6; # 6;
simultaneously satisfying the following two properties, (1) all beliefs except the one of 6;
come from a common prior, and (2) the beliefs of él- and 0; are correlated with other agents’

beliefs in a certain way.
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The NCP* property is very weak except in a two-by-two type space. We introduce
below a simple sufficient condition called the NCP** property. If this property holds, then

the NCP* property is satisfied by all 7 € I.

Definition 1.5.2: Given beliefs (pl(|01)) the NCP** property holds if N > 3 and

1€l,0;€0,;’

there are agents i # j and types 0; # 0;, éj #+ éj, such that the probability distributions

over @—i—j satisfy pz(|§1> éj) §£ pj(’§h 9_3) andpz(|éz, é]) # pj(|é2, éj)

The NCP** property says there are at least three agents and the heterogeneity be-
tween agents’ beliefs is not too weak. There should be two agents whose beliefs towards
the rest of the agents are different at two type profiles. Note this property is stated across
agents instead of for a particular agent. Since beliefs are not generated by a common prior,
the weak heterogeneity requirement is easy to satisfy.

The following theorem provides a sufficient condition for implementation via am-

biguous transfers when there is no common prior.

Theorem 1.5.2: Given beliefs (pl( \91)) that are not generated by a common prior,

i€1,0,€0;
if the BDP and NCP* properties hold for all agents, then any ex-post efficient allocation

rule under any profile of utility functions is implementable via an interim individually ra-

tional and ex-post budget-balanced mechanism with ambiguous transfers.

Similar to Theorem 1.4.2, efficiency of an allocation rule ¢ does not play a role in
this proof. The set of implementable allocation rules is larger. Indeed, given g, if there ex-

ists an ex-post budget-balanced transfer rule y such that 3 5, o [ui(q(0;,0-:), (0;,0-))+
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7i(0;,0_;)]p:;(0_;]0;) > 0 forall i € I and 6; € O;, we can implement g.

We remark that the sufficient condition in Theorem 1.5.2 is not necessary for im-
plementation. However, we can identify a weaker condition that is necessary. One can
introduce a new property that is similar to Definition 1.5.1, except for replacing “C' > 0”
with “C' > 1”. If this weaker property or the BDP property fails for some agent, then we
can construct a non-implementable example following the necessity part of Theorem 1.4.2.

The example below shows a case where ambiguous transfers perform better than

Bayesian mechanisms.

Example 1.5.1: Under the following beliefs without a common prior, the efficient alloca-

tion rule q is not Bayesian implementable, but it is implementable via ambiguous transfers.

Table 1.5.1: Beliefs in Example 1.5.1

p1(6a]01) | 65 | 65 | 63 p2(0162) | 63 | 63 | 63
o1 T o1 T2

1 28 | 28 28 1 3 2 3

02 JE 02 S

1 28 28 28 1 3 2 3

The feasible set of alternatives, payoffs, and the efficient allocation rule are iden-
tical to those in Example 1.4.2, except that 0 < 8.5a < B is imposed. Suppose by way
of contradiction that there exists a Bayesian payment rule from agent 1 to 2, denoted by
&, that implements q. By multiplying I R(07), IR(0%), IR(63), IR(05), IR(63), IC(016%),
IC(0267), IC(0103), IC(0363), IC(6303), and IC(0303) by 7, 7, 3, 8, 3, 3.5, 3.5, 3, 3, 4,

and 3, and summing up, we obtain 0 > 4B — 34a, a contradiction. Hence, q is not Bayesian
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implementable.

It is easy to verify that both agents satisfy the BDP and NCP* properties. Then by
Theorem 1.5.2, q is implementable via ambiguous transfers.

As an illustration, we demonstrate why the NCP* property holds for both agents.

The second condition in its definition can be changed into Cp . Ie ; 1+C z . z :z ; for
J

S \

any j # i and 0;, when beliefs have full support. Consider (@',Qi,éi) = (1,01,6%), the
NCP* property does not hold because there does not exist C > 0 and C > 1 such
that C(2,1,1) = (1,1,1) + C(2,1,0.5). A symmetric argument applies to (i,0;,0;) =
(1,02,0)). Agent 2 satisfies the NCP* property because for each pair (6, 92), the first

equation in the NCP* property fails.

Compared to Theorem 1.5.2, we have the following weaker sufficient condition for
implementation of efficient allocations under private values without a common prior. Like

Theorem 1.5.1, the efficiency of the allocation rule plays an important role in the proof.

Theorem 1.5.3: Given beliefs (p;(+|0;)) that are not generated by a common prior,

i€l,0,€0;
if there do not exist i # j such that the BDP property fails for i and the NCP* property
fails for j, then any ex-post efficient allocation rule under any profile of private value

utility functions is implementable via an interim individually rational and ex-post budget-

balanced mechanism with ambiguous transfers.

The sufficient conditions of Theorem 1.5.3 are weak. Recall that when the NCP**
property holds, the NCP* property is satisfied by all agents, and thus the sufficient condi-

tions hold. When the BDP property holds for all agents, the sufficient conditions hold as
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well.

We remark that the sufficient condition in Theorem 1.5.3 is not necessary for imple-
mentation. However, a weaker condition is necessary. One can introduce a new property
that is similar to Definition 1.5.1, except for replacing “C' > 0” with “C’' > 1”. If this
weaker property fails for some agent and the BDP property fails for another agent, then we
can construct a non-implementable example.

The example below shows that there are cases when ambiguous transfers perform

better than Bayesian mechanisms.

Example 1.5.2: In this example of bilateral trading, the efficient allocation rule q is not
Bayesian implementable, but it is implementable via ambiguous transfers.
Agent 1 is the buyer and 2 is the seller. Outcomes in A = {xy, 1} are feasible,

where x represents no trade. The payoffs of x1, trading, for both agents are given below.

Table 1.5.2: Payoffs of Trading of Example 1.5.2

0 [ 4,35 4,05
021,35 1,-05

The efficient allocation rule satisfies q(6%,0)) = zy and q(0) = x, for all other 0.
The beliefs satisfy p1(03|601) = 0.3, p1(03]6%) = 0.2, p2(01]63) = 0.3, and p2(61|65) = 0.25,
which are not generated by a common prior.

To see q is not Bayesian implementable, suppose by way of contradiction that there
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exists an interim individually rational and ex-post budget-balanced Bayesian mechanism
that implements q. Let ¢ denote the payment from agent 1 to 2. Multiply IC(016?), IR(6%),
IC(6260}), TR(6)), and IC(0263) by 4,10, 1, 10, and 8 respectively, and then add them up.
We obtain 0 > 0.9, which is a contradiction. Therefore, q is not Bayesian implementable.
However, as the BDP property holds for both agents, we know from Theorem 1.5.3

that q is implementable via ambiguous transfers.

1.5.3 Other Ambiguity Aversion Preferences

To check the robustness of our result, we look at alternative preferences of ambi-
guity aversion in this subsection. One is the a-maxmin expected utility («-MEU) as in
Ghirardato and Marinacci (2002), and the other is the smooth ambiguity aversion prefer-
ences of Klibanoff et al. (2005). Even though these preferences differ from Gilboa and
Schmeidler (1989), the mechanism designer can still benefit from agents’ ambiguity aver-
sion.

Ghirardato and Marinacci (2002) introduce the a-MEU, which is a generalization
of the MEU. Under an environment described in Section 2.2, a type-#; agent i with -
maxmin expected utility has the following interim utility level from participating and

reporting truthfully when @ is the set of ambiguous transfers:

aimf{ > wi(q0:,0-), (05, 0-))pi(0-il0:) + > ¢i(0:,0_)pi(0-:160:)}

0_i€0_; 0_,€0_;
(L—a)sup{ > w;(q(0:,0-), (0:,0-))pi(0—il0:) + > i(6:,0-)pi(0-i]6,)},
et g co_, 0_,€0_;

where a € [0, 1]. An agent is said to be ambiguity-averse if & > 0.5. All previous sections

adopt the MEU preferences, which correspond to the case o = 1.

www.manaraa.com



37

Under the a-MEU preferences with a > 0.5, Theorem 1.4.2, as well as the suffi-
ciency part of Theorems 1.4.1 and 1.5.1, still holds. We can construct ambiguous transfers
under a-MEU in the same way as those under MEU except for choosing a potentially
different multiplier c.

An agent ¢ with smooth ambiguity aversion has a utility function of

Lo U

where

[wi (q(0i, 0-3), (0:,0-:)) + ¢i(6i, 0-)]pi (0 |9i)> dﬂ) dp,

0_,€e0_;

e for each distribution 7 € A(®P), 7(¢) measures the subjective density that ¢ is the
true transfer rule chosen by the mechanism designer;

e for each distribution 1 € A(A(P)), u(7) measures the subjective density that 7 €
A(®) is the right density function the mechanism designer uses to choose the transfer
rule;

e v : R — R is a strictly increasing function that characterizes ambiguity attitude,
where a strictly concave v implies ambiguity aversion.

To see ambiguous transfers help under smooth ambiguity aversion preferences, we
demonstrate with the Example 1.4.2. Let v be a strictly increasing and strictly concave
function. Consider the same transfers as ¢! and ¢? except for a potentially different mul-
tiplier c. Then it is easy to verify individual rationality and budget balance. A generic
element of A(®) is a Bernoulli distribution between ¢* and ¢?. Let y be the uniform distri-

bution over A(®) for example. As an illustration, we check 7C(6363). Truth-telling always
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gives agent 2 an expected utility of

/0 v(pa + (1 — p)a)dp = v(a).

By misreporting from 63 to 63, agent 2 gets an interim utility of

/0 o(pla+ B+e)+ (1 - wla+ B —o)du.

For v sufficiently concave or c sufficiently large, the above expression has a value no more
than v(a), implying that truth-telling is incentive compatible. One can verify other incentive

compatibility constraints as well.

1.6 Conclusion
This paper introduces ambiguous transfers to study full surplus extraction and im-
plementation of an efficient allocation rule via an individually rational and budget-balanced
mechanism. We show that the BDP property is necessary and sufficient for both problems,
which is weaker than the necessary and sufficient condition for full surplus extraction and
implementation via Bayesian mechanisms. Hence, ambiguous transfers can go beyond
Bayesian mechanisms. In particular, under two-agent settings, the BDP property offers a

solution to overcoming the negative results on bilateral trading problems generically.
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CHAPTER 2
ROBUST COALITIONAL IMPLEMENTATION

2.1 Introduction

'In implementation theory, if a mechanism can be designed such that all its equi-
libria coincide with an exogenous social choice function, then the function is said to be
fully implementable. Under incomplete information, agents’ private information is tradi-
tionally modeled by a commonly known type space. Full implementation problems studied
under this environment are called the interim or Bayesian implementation problems. How-
ever, some details of the type space, especially agents’ beliefs, may not be available to
the mechanism designer in practice. Therefore, motivated by the Wilson doctrine (Wilson
(1985)), Bergemann and Morris (2009, 2011) among others, relax the common knowl-
edge assumption, and adopt a belief-free approach to study when and how a social choice
function is fully implementable under all type spaces, which is the robust implementation
problem.

Most of the solution concepts studied under the interim implementation or ro-
bust implementation literature have been non-cooperative. For example, Postlewaite and
Schmeidler (1986), Palfrey and Srivastava (1987, 1989), and Jackson (1991) adopt the so-
lution concept of Bayesian Nash equilibrium. Bergemann and Morris (2009, 2011), Penta
(2015), Miiller (2016), and Ollar and Penta (2017) among others study rationalizable im-

plementation or Bayesian Nash implementation under all type spaces. However, in many

I'This chapter is a joint work with Nicholas C.Yannelis.
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aspects of economics, like voting, matching, or network problems, the stability concern has
motivated the study of solution concepts that are immune from collusion. When a mech-
anism designer aims to elicit private information from agents, the need to design mecha-
nisms that are free from collusion, without unwanted equilibria, and robust to agents’ belief
structures may coexist. For example, the Vickrey auction is a belief-free mechanism that
satisfies (individually) ex-post incentive compatibility, but it is not coalitional incentive
compatible. Therefore, the mechanism is not stable due to its vulnerability to coalitional
manipulations. This issue, along with the multiplicity of equilibria, can explain why the
Vickrey auction may not elicit bidders’ truthful evaluation in practice.> Motivated by this
gap in the literature, the current paper introduces coalition patterns into the problem of
robust implementation.

Depending on the mechanism designer’s knowledge about the coalition pattern of
the environment, we study two problems, robust coalitional implementation and robust
double implementation.

When the mechanism designer knows which coalitions can be formed, namely
she knows the coalition pattern, we study the problem of robust coalitional implementa-
tion. Our solution concept is the interim coalitional equilibrium, which is a refinement
of Bayesian Nash equilibrium and is immune to permissible coalitional deviations. When
only singleton coalitions are permissible, our implementation concept reduces to the one of
robust implementation as an interim Nash equilibrium, which is a standard concept in the

interim and robust implementation literature. We call this concept robust Nash implemen-

2See, e.g., Ausubel et al. (2006) and Rothkopf (2007), for discussions.
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tation, in order to highlight the fact that only singleton coalitions are permissible. When
all coalitions are permissible, our solution concept becomes the interim strong equilibrium,
and our implementation concept is called robust strong implementation. With complete
information, the strong implementation problem has taken into account all coalitional de-
viations. See, for example, Maskin (1978), Moulin and Peleg (1982), Dutta and Sen (1991),
Pasin (2009), and Korpela (2013). Under an interim implementation setting, Hahn and Yan-
nelis (2001) has studied a related solution concept in exchange economies. In reality, other
coalition patterns can also emerge. For example, if only coalitions with cardinality no more
than two can be formed, our solution concept is consistent with the spirit of the pair-wise
stable Nash equilibrium in the network literature. With complete information, Suh (1996)
has studied the full implementation problem under general coalition patterns.

When the mechanism designer does not know which coalitions can be formed, we
study the problem of robust double implementation. Namely, only agents themselves know
the coalition pattern, but the designer does not have this information. In this case, if the
designer wishes to implement a social choice function regardless of the coalition pattern
and under all type spaces, the function needs to be robustly double implementable as an
interim Nash equilibrium and as an interim strong equilibrium. This question adds one
more layer of uncertainty to the designer’s problem, besides her uncertainty about agents’
type space. In a complete information environment, Maskin (1979) and Suh (1997) have
considered related problems.

We establish necessary and almost sufficient conditions for robust implementation

in each of the above problems. Specifically, robust coalitional incentive compatibility
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and robust coalitional monotonicity are necessary and almost sufficient for robustly coali-
tional implementation of a social choice function. Robust double implementation requires
a stronger set of incentive compatibility and monotonicity conditions.

Our modeling of robust coalitional implementation provides new insights for social
choice functions that are not robustly Nash implementable. The interim coalitional equi-
librium is a refinement of the interim Nash equilibrium, but this does not mean our robust
coalitional implementation is more demanding than robust Nash implementation. This is
because full implementation not only requires the existence of good equilibria that lead to
social choice outcomes, but also requires the non-existence of bad equilibria that result in
outcomes different from the social choice function. Robust coalitional incentive compati-
bility can guarantee the existence of good equilibria. It is stronger than ex-post incentive
compatibility, and thus for partial implementation, robust coalitional implementation im-
plies robust Nash implementation. However, the condition to dissolve bad equilibria, robust
coalitional monotonicity, is not stronger than the robust monotonicity condition. This gives
us leeway to implement some social choice functions that are not robustly Nash imple-
mentable. Also, there are social choice functions that are robustly Nash implementable but
not robustly coalitional implementable. As a result, the mechanism designer may wish to
facilitate or ban agents’ communication in order to implement goals that can be achieved
exclusively under the cooperative or non-cooperative framework. Robust double imple-
mentation guarantees robust coalitional implementation under all coalition patterns, which
is demanding. This fact implies the importance for the mechanism designer to learn the

coalition pattern of the environment.
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From a technical point of view, we construct a new mechanism in order to prove
the sufficiency of our conditions for robust coalitional or double implementation. Our basic
idea follows the canonical method in the implementation literature. To relax the full sup-
port assumption that usually plays a role in the Bayesian implementation literature, we also
incorporate the lottery construction of Bergemann and Morris (2011). Since their mech-
anism cannot prevent profitable coalitional deviations, the focus on coalitional deviations
requires non-trivial modifications.

Several applications of our results are provided. We study three variants of the
public good example of Bergemann and Morris (2009). In the first variant, the efficient
social choice function is robustly strong implementable if and only if agents have a common
value. According to this example, robust Nash implementation doesn’t imply robust strong
implementation and vice versa. In the second variant, the mechanism designer knows the
special coalition pattern, which is a result of geographic isolation. We provide an example
of a robustly coalitional implementation social choice function. In the third variant, the
mechanism designer does not know agents’ coalition pattern and we provide an example of
robustly double implementation social choice function.

The paper proceeds as follows. Section 2.2 presents the primitives of the environ-
ment. The concept of full implementation is given in Section 2.3. We provide necessary
and almost sufficient conditions on robust coalitional implementation in Section 2.4 and
2.5. In Section 2.6, we study robust double implementation. Section 2.7 provides appli-

cations. In Section 2.8, we discuss a few possible extensions and open questions of this

paper.
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2.2 Asymmetric Information Environment
We first consider an asymmetric information environment without any specification
on beliefs, namely a payoff environment, given by € = {I, A, (©;,u;)"_, }, where
o [ ={1,...,n}is the set of agents;
e A is the set of feasible outcomes, i.c., the set of all lotteries over a deterministic
feasible outcome set X ;
e O =0, x..x 0, is the payoff type set, and 0; € O, is agent i’s payoff type;
o u; : X x O — R, agent ¢’s utility function, represents agent i’s utility of consuming
a pure outcome a € X, when the realized payoff type profile is § € O; then extend
the domain of u; to A x O so that for any a € A = A(X) with density function s(-),
ui(a,8) = [ _y ui(x,0)p(x)dr; assume that the utility function is bounded on A.?
A type space is a collection 7 = (T}, éi, m;)L_,, where
e t; € T; 1s a type of agent 7, which represents agent ¢’s private information; the set

of all type profiles is denoted by 7" = []._,; 7; and a generic element is denoted by

i€l
t=(t1,ta, ..., tn);

e agent ¢ with type ¢; has a payoff type éi(ti), which is defined by an onto mapping
0; : T, — ©;;let § : T — © be the mapping defined by A(t) = (él(tl), ,én(tn))
forallt € T

e agent ¢ with a type ¢; has a belief type 7;(¢;), which is a probability distribution over

T_; = [1,4 T} assigning probability m;(¢;)[t—;] to the event that others have the type

3Both the integral form of the utility function and the boundedness assumption are used and
explained in the proof of Theorem 2.5.1.
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profile t_; = (t;);:; A(T-,;) is the set of all probability distributions on 7_;.

The literature on interim or robust implementation under general mechanisms usu-
ally focuses on finite (e.g., Postlewaite and Schmeidler (1986), Palfrey and Srivastava
(1989), Jackson (1991)) or countable (e.g., Bergemann and Morris (2011)) type spaces.
Following them, we assume that ©; and T; are countable sets.

Notice that in a type space T, if for all i € I and t; € T;, m;(¢;)[-] has full support
over T";, then the type space is said to be a full support type space. If for all 7 € I, there
is a one-to-one mapping between 7; and ©;, then the type space is called a payoff type
spaces.

A social choice function f : © — A is an exogenous allocation rule contingent on

agents’ payoff types.

2.3 Full Implementation

A mechanism is a pair (M, g) = ([ [,.; M, g), where M, is the set of all messages
that agent ¢ can submit, i.e., the message space of agent ;.

An outcome function is a mapping g : M — A, which assigns to each message
profile a feasible outcome. Agent ¢’s strategy o, : 1; — M, is a private information
contingent plan of submitting messages.

A strategy profile is given by 0 = (01, 09, ..., 0,,). For simplicity, denote by o the
strategy for all agents in S C I and by o_g the strategy for all agents not in S

Full implementation requires that the set of equilibrium outcomes of a mechanism

should coincide with the social choice function.
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Definition 2.3.1: Under a type space T, a mechanism (M, g) fully implements a social
choice function f if the following two conditions are satisfied:
1. there exists an equilibrium o : T — M of the mechanism (M, g) such that g(o(t)) =
FO)) forallt € T

2. if o is an equilibrium of the mechanism (M, g), then g(o(t)) = f(Ot)) forallt € T.

If the first requirement is satisfied, then the social choice function is said to be
partially implemented by (1, g).

When the type space is common knowledge among the mechanism designer and the
agents, we call the full implementation problem an interim implementation problem. In
reality, the mechanism designer may not know agents’ belief structure. To implement the
social choice function regardless of agents’ belief structure, the designer can only rely on
mechanisms that are belief-free. If there exists a mechanism (), g) that fully implements f
in all type spaces associated with the payoff environment ©, then the social choice function
is said to be robustly implementable.

To take into account the stability concern, we allow coalitions to be formed. A
coalition is a non-empty subset of /. A coalition pattern, denoted by S, is a collection of
coalitions, representing the set of coalitions that can be formed. In reality, not all coalitions
are of interest, e.g., in a marriage question, only coalitions with cardinality of two or less are
considered. Also, some coalitions are not permissible due to culture differences, language
barriers, or geographic isolation. As a result, we do not necessarily require S to include
all non-empty subsets of /. We assume that all singleton coalitions of / are included in

S, i.e., agents can always choose not to communicate with others. Before Section 2.6, we
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assume the mechanism designer knows the coalition pattern S. In Section 2.6, we relax
this assumption.

Prior to defining the notion of an interim coalitional equilibrium, we introduce some
notations to describe how agents update their beliefs after knowing other coalition mem-
bers’ private information. Let the symbol \ denote the difference between two sets. For
each distribution 7;(¢})[] and S > 4, the notation 7;(t})[t%, (;,] represents the marginal
probability that the coalition S\{z} has type profile ¢5, . For S C I, 5 € Ts, and
i € S, if the marginal probability 7;(¢;)[t%, {Z.}] > (0, Bayes’ rule can be applied. In this
case, we let m;(t])[t—i[t%, ;] be the conditional probability that ¢_; is the true type profile
of agents in I\ {i}, given that S\{i} has a type profile ¢, ,,. If the marginal probability
7i(t7)[t5 ;] = 0. Bayes’ rule cannot be applied. In this case we assume that agent ¢ up-
dates her belief into 7;(t})[|¢%, 1], which is an arbitrary but commonly known distribution
satisfying 7 (t;) [t ;;y] = 0.*

This paper adopts the notion of interim coalitional equilibrium. It is immune to all

permissible coalitional deviations.

Definition 2.3.2: Given a type space T, the strategy profile o™ is an interim coalitional
equilibrium of the mechanism (M, g) if there does not exist S € S, t§ € Ts, and oy :
Ts — Mg, such that for all i € S,

> ui(g(0h(ts), 07 (t-8)), 0t o) )t ltin ]

t_,eT_;

4Some other papers impose specific updating rules when Bayes’ rule fails, e.g., Penta (2015)
and Miiller (2016).
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> 2 wilg(0" (b t-9)). 0t t-9) )Tl il ).
t €T,

When only singleton coalitions are permissible, Definition 2.3.2 reduces to the in-
terim Nash equilibrium.’> When all coalitions are permissible, i.e., S = 2/ \(, the interim
coalitional equilibrium generalizes the strong equilibrium to incomplete information. We
call this notion an interim strong equilibrium. It is clear that an interim strong equilib-
rium is stronger than an interim coalitional equilibrium and the latter is stronger than an
interim Nash equilibrium.

Given a coalition pattern, a social choice function f is said to be robustly coali-
tional implementable if there is a mechanism (), g) that implements f as an interim
coalitional equilibrium in all type spaces. Specifically, a social choice function f is said
to be robustly strong implementable if there is a mechanism (M, g) that implements f
as an interim strong equilibrium in all type spaces. When there exists a mechanism (), g)
implementing f as an interim Nash equilibrium under all type spaces, then f is robustly
Nash implementable, which is a standard robust implementation concept in the literature.

In the above definition of an interim coalitional equilibrium, we assume that the
coalition members truthfully pool their information within the coalition. This is not essen-
tial to establish a set of necessary and almost sufficient conditions for robust coalitional
implementation. In Section 2.8, we provide a discussion on an alternative definition with-

out the information pooling assumption.

31t is usually called a Bayesian Nash equilibrium when beliefs are generated by a common prior.
But as agents may not have a common prior, we follow the robust implementation literature and call
it an interim Nash equilibrium.
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2.4 Necessary Conditions
In this section, we introduce conditions that are necessary for robust coalitional
implementation. We show that if a social choice function is robustly coalitional imple-
mentable, it satisfies robust coalitional incentive compatibility and robust coalitional mono-

tonicity. The (almost) sufficiency of the conditions will be proved in Section 2.5.

2.4.1 Incentive Compatibility
In a type space 7T, agent ¢’s deception of her type is a mapping «o; : T; — T, i.e.,
under «;, the type-t; agent reports «;(¢;). We denote by « the deception profile (a, ..., a;,).
It could be the case that no individual has the incentive to manipulate her private
information, but a coalition has such an incentive. To prevent a coalitional deviation from

truth-telling, we need the following condition of interim coalitional incentive compatibility.

Definition 2.4.1: In a type space T, a social choice function f is interim coalitional in-

centive compatible if there isno S € S, t& € Ts, and ag: Ts — Tg such that for all

Following standard arguments in implementation theory, it is straightforward to see
that the above condition is necessary for a social choice function to be implementable as an
interim coalitional equilibrium. We thereby omit the proof.

When the type space is not common knowledge, we need the following robust coali-

www.manaraa.com



50

tional incentive compatibility condition.

Definition 2.4.2: A social choice function f is robust coalitional incentive compatible if

forall S € S and 0y # 0%, there exists i € S such that

U; (f(@g, 9_5'), (9;, 9_5)) > U (f(@fg, 9—5)7 (9;, 9_5))f0r allf_s € O _g.

In the Appendix, Proposition B.1.1 shows that f is robust coalitional incentive com-
patible if and only if it is interim coalitional incentive compatible in all type spaces. As
interim coalitional incentive compatibility is necessary for interim coalitional implementa-

tion, we have the following proposition.

Proposition 2.4.1: If a social choice function f is robustly coalitional implementable, then

f is robust coalitional incentive compatible.

Robust coalitional incentive compatibility is stronger than ex-post incentive com-
patibility, which can be obtained by restricting permissible coalitions to be singletons. The
more permissible coalitions there are, the stronger the robust coalitional incentive compat-
ibility condition is. This condition can be less demanding is special environments. For
example, in a two-agent environment, robust coalitional incentive compatibility can be

guaranteed by ex-post incentive compatibility and ex-post weak Pareto efficiency.®

6 A social choice function f is said to be ex-post weak Pareto efficient if there does not exist
6 € © and a € A such that u;(a, 0) > u;(f(0),0) forall i € I. Itis “weak” in the sense that being
dominated requires another feasible allocation to strictly improve the payoff of every agent. This
condition is not necessary for robust coalitional implementation. To see this, consider a constant
social choice function that is not ex-post weak Pareto efficient. It can be implemented by a constant
outcome function.
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2.4.2 Monotonocity

For full implementation, we need a version of the monotonicity condition. With
complete information, Maskin’s monotonicity condition is necessary and almost sufficient
for Nash implementation, (see, e.g., Maskin (1999), Saijo (1988)). The same condition is
also proved to be necessary by Maskin (1978) for strong implementation. Dutta and Sen
(1991), Suh (1996), and Pasin (2009) characterize the necessary and sufficient conditions
of strong implementation and all of these characterizations involves Maskin’s monotonicity
condition or its variant. With incomplete information, Postlewaite and Schmeidler (1986),
Palfrey and Srivastava (1989), Jackson (1991), and Bergemann and Morris (2011) adopt
related monotonicity concepts, which are part of the necessary and sufficient conditions for
interim Nash implementation or robust Nash implementation. Hahn and Yannelis (2001)
propose a coalitional Bayesian monotonicity condition, which is necessary and sufficient
for coalitional Bayesian Nash implementation (a variant of our interim strong implemen-
tation concept). We will discuss our connection with these monotonicity conditions after
introducing our conditions.

A deception profile of types o : T — T is acceptable, if f(0(t)) = f(0(a(t)))
for all £ € T'. If the deception profile is not acceptable, there exists t* € 7' such that
F(0(t%)) # £(0(a(t*))). In this case, o is said to be unacceptable at ¢*,

For the social choice function f, each S € S and t’ € T, we denote the reward set
by H ¥ which is the collection of reward functions i : T — A satisfying the following

conditions: for all S such that S C S € S and t’Sf € Tk, there exists 7 € S such that
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€T
The reward set for coalition S contains functions that are not profitable for any

superset of S, denoted by .S, under unanimous truthful reports.

Definition 2.4.3: Given a type space T, a social choice funcntion f satisfies the interim
coalitional monotonicity condition if whenever « is unacceptable at t* € T, there exists
SeSandh e Hé’a(t*) such that for all i € S,

> w(hlalts t-9)). 00t t-9) )t [t-ilt5, o)

t_;€T_;

> 3 w(f0(altst-9))). 0085, ts) ) milEDft-ilt5 )

t_ €T

The interim coalitional monotonicity condition conveys the following meaning: if
all agents follow an unacceptable deception profile «, then there exists a coalition S € S,
that can propose a reward function and benefit from consuming it rather than the social
choice function; but under unanimous truthful report, the coalition does not profit from
consuming the reward function compared to the social choice function.

Briefly speaking, in various monotonicity conditions under non-cooperative frame-
works, when a deception profile is unacceptable, one agent switches her ranking between
two feasible outcomes: one reward outcome and one social choice outcome, under two

states. In our interim coalitional monotonicity condition, one coalition switches its ranking
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rather than one agent.” In the literature, Hahn and Yannelis (2001)’s coalitional Bayesian
monotonicity condition and Pasin (2009)’s coalitional monotonicity condition have a simi-
lar feature. Our condition is different from the one in Hahn and Yannelis (2001), since we
assume that agents in the same coalition know each others’ reported types. Pasin (2009)’s
coalitional monotonicity condition is defined under complete information. In that condi-
tion, one coalition switches its ranking between one critical element and one social choice
outcome. The critical element is not defined in a way that is directly related to our reward
function, but according to a lemma in that paper and Proposition 2.4.2 of the current paper,
a critical element is equivalent to a reward function when our environment is reduced to
complete information.

For the purpose of robust coalitional implementation, we consider the robust coali-
tional monotonicity condition. In this paper, we use the symbol « : T — 7' to denote a de-
ception profile of types and use the symbol 3 = (34, ..., 3,,) to denote a deception profile of
payoff types. A deception of agent i’s payoff type is a set-valued mapping 3; : ©; — 29\ 0.
The deception profile is acceptable if for any selection 5 € 3, f (ﬁ (9)) = f(6) for all
6 € ©. Otherwise, there exists a selection 5 € 3 and a payoff type profile #* € © such that
¢ = B(0*) and f(0') # f(0*). In this case, we say the deception profile is unacceptable
at the pair (6*,6").

For each i € I and 0, € ©;, define 3; ' (0}) = {0; € ©;|0, € B,(6;)}, which is the

set of all possible true payoff types of agent i, given she reports .. For any S C I, denote

"Note the coalition’s ranking is a partial order since one outcome is better if and only if it is
better for every member in the coalition.
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Bs(0s) = (B;(0:))ies and Bg(Os) = {Bs(0s)|0s € Os}.
For each S € S and @' € O, the robust reward set, YSf 79/, is the collection of all
robust reward functions i : © — A satisfying the following conditions: for all S such that

S CSeSand 05 € Og, there exists i € S such that

u; (f(0%,0_5), (05,0 _5)) > u;(y(05,0_5), (0%,0_5))V0_5 € ©_s.

Definition 2.4.4: A social choice function f satisfies the robust coalitional monotonicity
condition if whenever the deception profile (3 is unacceptable at the pair (0*,0'), there
exists S € S such that for any conjectures and distributions (0" ¢ € B_g(0_g),¢i(-) €
A(st(e’fs)))ies, there exists y € Yéf’el such that for all i € S,
o wily(6,0%5), (05,0-))¢i(0-s)
0_seB_g(0")

> Z uz(f( 5,0 ), (65, 975))%-(9,5).

0-s€B_s(0"5)

Notice that when S = I, in the definition of the robust reward set or the robust
coalitional monotonicity condition, we slightly abuse the notation by ignoring all quanti-
fiers 6_g and 0" ¢ as well as the weighted sum operation.

The following proposition proves that the robust coalitional monotonicity condition
is necessary for robust coalitional implementation, by showing the necessity of interim

coalitional monotonicity for interim coalitional implementation.

Proposition 2.4.2: If a social choice function f is robustly coalitional implementable, then

f satisfies the robust coalitional monotonicity condition.

Proof. Suppose a social choice function f is robustly coalitional implemented by (M, g),
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but the robust coalitional monotonicity condition fails. From Proposition B.1.2, we know
there exists a type space 7 in which the interim coalitional monotonicity condition fails.
Suppose in T, there exists & : T — T and t* € T such that f(A(a(t*))) #
F(O(t*)). As f is implementable, there exists an interim coalitional equilibrium * such
that g(o*(t)) = f(0(t)) for all t € T. Notice that ¢* o « is not an interim coalitional

equilibrium at ¢*. Hence, there exists S € S and o : Ts — Mg such that for all i € S,

Define i : T — A by h(t) = g(o§(t5), 0" 4(t_s)) forall t € T. Then we have for all
i €5,

> ((alt5.1-5)). 605 £-9) )t

t€T_;

> > ui(f(0(alts,t-s)), 005 t-5) ) mlt) E-ilti ) 22)

Since ¢* is an interim coalitional equilibrium, for all S such that S C S € S and ¢} € T,

(o6(t5), oo slag s(t%, ))) cannot be a profitable message profile to submit compared to

o%(t%). Therefore, there exists an agent ¢ € S such that
> i 9(0" (¢ t-5)), 0t t-9) ) milt) [ttt g
t_,eT_;
> > wi(9(06(t5), o slassting), 0" s(t-s)) ), 0t _g) ) malth) [t o)
t_;€T_;
(2.3)
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This means

> 0 wilhlas(ts)ts), 0tk o) mle)it-ilth ) @4

Therefore, one has h € H g’a(t*). This fact as well as expression (2.2) implies that interim

coalitional monotonicity holds in 7, a contradiction. 0

With a general coalition pattern and a general type space, the interim monotonicity
condition is not necessary for interim coalitional implementation. With a general coalition
pattern, the robust monotonicity condition is not necessary for robust coalitional implemen-
tation, either. This can be seen from Section 2.7.1, where we present a robustly coalitional

implementable example that does not satisfy the robust monotonicity condition.

2.5 Sufficient Conditions
The sufficient conditions to robustly coalitional implement a social choice function
f are usually slightly stronger than the necessary conditions. A condition called the “bad

outcome property” is added to prove the sufficiency of the conditions introduced in Section

24.

Definition 2.5.1: A social choice function f satisfies the bad outcome property if there

exists a € A and 0 > 0 such that u;(f(6'),0) — u;(a,0) > 0 foralli € I and 0,0 € ©.

This bad outcome property requires the existence of an outcome a that is strictly

worse than any social choice outcome, whenever agents truthfully report or misreport. It
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is easy to satisfy in a quasilinear environment and in an economy where all private con-
sumptions are non-negative. For a quasilinear environment, agent’s utility function has a
non-linear part and a monetary transfer part. Taking a sufficiently large monetary transfer
from agents can usually serve as a bad outcome. In an economy, if the social choice func-
tion allocates to every agent positive level of consumption, then leaving every agent zero
consumption can usually serve as a bad outcome. Section 2.8.1 has discussed the situation
when the bad outcome property is not satisfied in an economy. In that case, one can replace
the property with some other strengthening.

With the bad outcome, no coalition has the incentive to deviate from a social choice
function to achieve this outcome. In addition, we can construct an “interior” lottery with
the bad outcome, so that unwanted equilibria can be dissolved by an agent’s incentive to
move further away from the bad outcome.

Introducing the bad outcome property helps us to focus on the new problems raised
by incomplete information and can simplify the treatment of problems that have been dis-
cussed by the complete information literature. When our framework is reduced to complete
information, our sufficient conditions in Sections 2.5 and 2.6 imply Dutta and Sen (1991)’s
Condition « and Suh (1996, 1997)’s Conditions 7(7 ) and i (when their social choice cor-
respondence is singleton-valued), which are characterizations for strong implementation,
coalitional implementation, and double implementation. Their conditions rely on the exis-
tence of a family of sets that cannot be described explicitly and thus are not easy to check.
But with the bad outcome property and the lottery construction, the abstract sets in their

conditions can be viewed as lotteries of reward functions, the social choice function, and
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the bad outcome.

Theorem 2.5.1: If a social choice function f satisfies robust coalitional incentive compat-
ibility, robust coalitional monotonicity, and the bad outcome property, then it is robustly

coalitional implementable.

Proof. We construct a mechanism to robustly coalitional implement f. In the mechanism,

3

each agent 7 reports a message m; = (m),m? m3, m}), where m! € ©;,, m? € N,
m3 € N,, m} € {y: © — A}. Denote m = (my, my, ..., m,). We partition the message
space into M*, M?, and M? as follows:
M' = {m|m; = (-,0,-,-) Vi € I},
M2(S) = {m|3K, > Oandy € Y™ st.m; = (-, K1, -, y) Vi € S,
mj = (-,0,-,)Vj € 5},
M? = USES M2(5)>
M? = M\{M" U M?}.

Let a be a “bad outcome” and & > 0 be a number described in the in the bad
outcome property. Let a (-) be f(-) with probability ¢ > 0 and a with probability 1 — e,
where e is sufficiently small such that u;(a (0),0) = eu;(f(6'),0) + (1 — €)u;(a,0) <
ui(a,0) + 6 < u;(f(0),0) forall 0,0 € © and i € I. Note that the “ = ” relies on the
additivity of the utility function, which is a result of its integral form. The “ < ” relies
on the boundedness of u;. By the bad outcome property, we also have w;(a, ) + €0 <

u;(a.(0'),0) forall 0,0 € © and i € I.

If m € M, let the outcome allocation be g(m) = f(m?).
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If m € M?, there exists S € S such that m € M?(S). Let g(m) be a lottery g(m?'),
which has a realization of y(m'), with probability K;/(K; + 1), a.(m') with probability
(1/(nK1+n)) > ,c;(mi/(m}+1)), and a with probability (1/(nK;+n)) >, ,(1/(m}+
1)).

If m € M?, let g(m) be a(m') with probability (1/n)>",.,;(m}/(m} + 1)) and a
with probability (1/n) Y, (1/(m} + 1)).

The outcomes in M? and M? are compound lotteries of a, a_(m'), and y(m?). The
additivity of the utility function implies that the higher weight the lottery puts on a _(m?)

as opposed to a, the better the outcome is.

Claim 2.5.1: For any type space T, o*(t;) = (0;(t;),0,-,-) forall i € I and t; € T,

constitutes an interim coalitional equilibrium of (M, g).

Proof: For notational convenience, for any strategy of agent i, o; : T; — M;, we decom-

pose it into o; = (0},02,03,0}). We wish to show that for any S € S, tg € T, and
strategy profile o, 0 is not a profitable deviation from .

Consider a deviation of a coalition S € §. (1) Suppose the coalition S with type
ts € Ts deviates by submitting another profile of the form o/(¢f) = (-,0,-,-) forall i € S,
then by robust coalitional incentive compatibility, o is not profitable. (2) Suppose there
exists S € S satisfying S € S, K; > 0,and y : © — A such that o.(t}) = (-, K1,v, )
for all i € S and o(tf) = (-,0,-,-) for all i € S\S. This deviation either results in a

message in M?(S) or M?3. In both cases, this is not a profitable deviation for S. (3) Any

other deviation makes the message fall in M3 for sure, which is not profitable for S.
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This completes the proof of the claim.

Claim 2.5.2: In an arbitrary type space T, if o is an interim coalitional equilibrium of the

mechanism (M, g), then o(t) € M" forallt € T.

Proof: Suppose by way of contradiction that there exists ¢ € T such that o(t) ¢ M".
Below we show that there exists an agent j € I who is strictly better-off with the strategy
o’ defined as o’ (t;) = (0} (t;),02(t;),1 + o3(t;),04(t;)) and o’ (t}) = o;(t}) for t; # ;.
This contradicts the fact that o is an interim coalitional equilibrium.

Suppose that there exists ¢ € T such that o(¢t) ¢ M?'. This implies that there is
an agent j € [ with type ¢; such that a?(tj) > 0. If j deviates with strategy o7, for all
t' . € T_;, the message either leads to a strictly better lottery in M? or a strictly better

J

lottery in M?3. This contradicts the fact that o is an interim coalitional equilibrium

Claim 2.5.3: In an arbitrary type space T, if o is an interim coalitional equilibrium of

(M, g), then g(o(t)) = f(A(¢t)) forallt € T.

Proof: From the previous claim, we know g(o(t)) = f(o'(t)) for all t € T. Suppose
g(a(t*)) # f(0(t)) for some t* € T.

Define a correspondence 3 by 3(6) = U{teT|é(t):0}Ul<t> for all @ € ©. From the
supposition, 3 is not acceptable. Define 6* = §(¢*). Thus, there exists selection 3 € 3
such that 0" = 3(0*) and f(0') # f(6%).

By the robust coalitional monotonicity condition, there exists S € & such that for

any conjectures and distributions (6"¢ € B_g(0_s),%:(-) € A(B_5(0"5))), 4 there
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exists y € st ¥ such that for all i € S, inequality in Definition 2.4.4 is satisfied for all
i€ S.

Pick a large integer K* > 0. Define o/ by o/ (t;) = (o} (t;), K*,-,y) fori € S and
t; = tI, and define o] (t;) = 0;(t;) elsewhere. Then for the coalition with type profile ¢¥,
they know the new message is in M?(S). When K* is sufficiently large, this deviation is
strictly profitable for S' in all type spaces, a contradiction.

In view of the three claims, we have established that (), g) robustly coalitional

implements f. ]

2.6 Robust Double Implementation

The previous sections assume that the designer knows which coalitions can be
formed in the environment. However, in reality, the mechanism designer may not have
any information on the coalition pattern, except that S contains all singletons of /.

In this section, we extend the approach of Theorem 2.5.1 to study unknown coali-
tion patterns. From a mechanism designer’s perspective, this section addresses another
layer of uncertainty, i.e., the uncertainty of coalition patterns, in addition to the uncertainty
of the type spaces. If the mechanism designer wishes to guarantee a desirable outcome
regardless of the coalition patterns, the following implementation concept can be adopted.

If there exists a mechanism (), g) that robustly coalitional implements a social
choice function f for every coalition pattern S, then f is said to be robustly doubly imple-
mentable. Similarly, if in a type space 7, a mechanism (M, g) implements a social choice

function f for all coalition pattern S, then f is said to be interim doubly implementable.
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The name “double implementation” comes from the fact that there are two extreme
cases of S. The minimal S only contains singleton coalitions of [ and the maximal S equals
2\(. In view of the inclusion relationship between interim Nash equilibrium, interim
coalitional equilibrium, and interim strong equilibrium, a social choice function is interim
double implementable if and only if there exists (), g) that implements f as an interim
Nash and strong equilibrium. Similarly, robust double implementation is equivalent to
requiring the existence of (M, g) that robustly Nash implements f and robustly strong
implements f simultaneously.

Strong versions of incentive compatibility and monotonicity are necessary for ro-
bust double implementation of f. The strong version of incentive compatibility is the one in
Definition 2.4.2 under the coalition pattern S = 2! \@, which we call robust strong incen-
tive compatibility. The strong version of monotonicity is the one in Definition 2.4.4 under
the coalition pattern S = 27\ () and with the restriction that S is a singleton, which we call
robust strong monotonicity. These conditions are strong, implying that the knowledge of
coalition pattern can help the designer to implement a social choice function.

The necessity of robust strong incentive compatibility is easy to see. Now we fol-
low Proposition 2.4.2 to provide a brief argument on why robust strong monotonicity is
necessary. First, define the condition of interim strong monotonicity, which is the one
in Definition 2.4.3 under the coalition pattern S = 27\ () and with the restriction that S is
a singleton coalition. By applying Lemma B.1.1, we can prove the equivalence between
robust strong monotonicity and interim strong monotonicity under all type spaces. There-

fore, it suffices to the prove the necessity of interim strong monotonicity for interim double
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implementation.

Suppose in T, there exists a : T — T such that f(0(a(t*))) # f(A(t*)) for some
t* € T. As f is interim double implementable in 7, there exists a mechanism (M, g) and an
interim strong equilibrium ¢* such that g(o*(t)) = f (é(t)) for all ¢ € T'. The supposition
as well as the fact that f is interim double implementable in 7 imply that o* o « is not
an interim Nash equilibrium at ¢*. Hence, there exists ¢ € [ and o, : T; — M, such that
agent ¢ is better-off by deviating. By defining h : T — A by h(t) = g(oi(t}), 0% ;(t—:))
for all t € T, one can follow the argument of Proposition 2.4.2 to establish the necessity of
interim strong monotonicity in 7.

Subsequently, we strengthen the necessary conditions with the bad outcome prop-

erty and provide a sufficiency result on robustly doubly implementing a social choice func-

tion.

Theorem 2.6.1: If a social choice function [ satisfies robust strong incentive compatibil-
ity, robust strong monotonicity, and the bad outcome property, then it is robustly doubly

implementable.

Proof. The mechanism is the same as the one in Theorem 2.5.1 except that the union is
taken over all coalitons S C I when we define M?2.

Following Claim 2.5.1, one can show that for any T, o7 (t;) = (6;(t;),0,-,-) for
all 2 € [ and t; € T; constitutes an interim strong equilibrium and thus an interim Nash
equilibrium. Following Claim 2.5.2, we know in any 7T, if o is an interim Nash equilibrium

of the mechanism, then o (t) € M* for all t € T. Then we modify Claim 2.5.3 by adopting
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the robust strong monotonicity, so that the deviating coalition in its proof is a singleton. As

a result, unwanted outcomes can be dissolved by an individual deviation. O]

2.7 Applications
2.7.1 A Robustly Strong Implementable Public Good Example

We modify the transfer rules of the public good example of Bergemann and Mor-
ris (2009). The new social choice function is robustly strong implementable if and only
if agents have a common value, in which case the function is not robustly Nash imple-
mentable.

Consider an environment with n agents, and each ©; is a fine grid on [0, 1]. The
social planner chooses to provide zo € [0, K| units of public good with a cost function
c(zo) = wo?/2. Agent ¢’s utility function is u(x,0) = (0 + 7> ., 0;)wo + x;, where
x; € [—M, M] is the monetary transfer and v € R is a measure of interdependence of
valuation. The K and M can bound agents’ utility, but we pick sufficiently large K and
M so that the social choice function and a bad outcome are feasible. Let the social choice
public good provision level be f5(6) = (1 + y(n — 1)) >°, 6;. Let the transfer rule be
fil0) = =(14+y(n = 1)) (v6: 32,05 + 67 /2 + (32,.,05)°/2) for all i € I. The social
choice function is f = (fo, (fi)ier)-

We claim that f is robustly strong implementable if and only if agents have a com-
mon value, i.e. v = 1. In this case, each agent’s utility function is aligned with the social
planner’s surplus function. As a result, an unacceptable deception profile lowers social

welfare and thus every agent’s welfare. To prove the result, we apply Theorem 2.5.1. As
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the bad outcome property holds, it suffices to focus on robust coalitional incentive compat-
ibility and robust coalitional monotonicity under coalition pattern S = 27\ (.

When v = 1, suppose agents within a coalition S with g misreport 0 and other
agents truthfully report. For any agent ¢ € .S, her net benefit from this coalitional deviation
is 1 times (5,cq 04+ Y5 03) X yer 05— (0505 g 0+ 3 0,)24+0.5(33, o, 67)2] < 0.
Therefore, robust coalitional monotonicity condition holds. If v < 1, let S = {1,2},
¢ =0,6, =1and §; = 0 forall j ¢ S. Reporting §] = 0, = 0.5 makes both agents in
S strictly better off. If v > 1,let S = {1,2},6; =6, = 0.5and§; = Oforall j & S.
Reporting ¢ = 0 and ¢/, = 1 makes both agents in S strictly better off. Hence, f is robust
coalitional incentive compatible if and only if v = 1.

When v = 1, assume that there exists a payoff type profile #* and an unacceptable
deception profile so that the report 0’ satisfies > .., 0 # > .., 0;. Let S = I and y satisfy
Yo(0) = nd, ;07 and y;(0') = —n(>,,07)?/2 for all ¢ € I. Then one can verify the
robust coalitional monotonicity condition.

Compared to the transfer rule in Bergemann and Morris (2009), we have one extra
term, (3, 0;)*/2. The extra term does rely on agent 4’s report, and thus f is still ex-
post incentive compatible under all . The extra term also does not change the “aggregator
function”. Thus their “contraction property”, which is equivalent to robust monotonicity,
still holds if and only if the interdependence of preferences is small (|| < 1/(n — 1)). Re-

call that ex-post incentive compatibility and robust monotonicity are necessary and almost

sufficient for robust Nash implementation.
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2.7.2 A Robustly Coalitional Implementable Public Good Example

This part provides an example of a robustly coalitional implementable social choice
function.

Consider a variant of the previous example. Suppose there are two islands in a
country, the east one and the west one. Let Iz = {1, ...,ng} denote all citizens on the east
island and Iy = {1 + ng,...,nw + ng} denote all citizens on the west island. Citizens
on each island do not communicate with those on the other island, but they communicate
frequently with those on the same island. Thus, the coalition pattern is given by S = {S #
0:SClporSC Iyl

The cost of building a bridge with quality level x, between the two islands is 3 /2.
For each agent i € I, i’s utility from the bridge and a transfer z; is (> jely 0;)xo + ;.
Similarly, for agent i € Iy, i’s utility is (> ichw 6,)xo + z;. In other words, within each
island, citizens have common value. But across islands, agents have independent valuation.

The socially optimal quality levelis fo(0) = ng ) _;c;, 05 +nw D e, 0;. Let the
transfer of agent i € Iz be f;(0) = —np(3_,;, 0;)?/2 and that of agent i € Iy be f;(0) =
—nw (3 er, 05)?/2- By Theorem 2.5.1, f is robustly coalitional implementable. We only
discuss why robust coalitional incentive compatibility and robust coalitional monotonicity
hold below.

It is equivalent to view this problem as having two representative agents £ and V.

jer, Uj- And vy is defined similarly. When

Agent E’s payoff type vg is defined by vg = > |
the representative agents with payoff type profile (vg, vy ) misreport (v, vjy ), agent E’s

utility is (ngvly + nwvly)ve — npvz/2, and agent W’s utility is (ngvly + nyvly )ow —
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nw vl /2.

As only coalitions within /g or Iy can be formed and every east (west) islander
always has the same utility with the representative agent £ (1), it is equivalent to say the
two agents I and IV play non-cooperatively. Truthfully reporting is a strictly dominant
strategy for £ and W. Thus, ex-post incentive compatibility and robust monotonicity hold
for agents I/ and IW. Accordingly, robust coalitional incentive compatibility and robust

coalitional monotonicity hold for agents /r U Iy under the coalition pattern S.

2.7.3 A Robustly Double Implementable Public Good Example

We provide an example of a robustly double implementable social choice function.
Consider the same example as in Section 2.7.1 except for the following three modifications
()y=0,(2)0; ={0,1} foralli € I, and (3) f;(#) = —6?/2. Robust double implemen-
tation is a strong requirement, and thus we restrict the payoff type set to seek for a positive
result.

By Theorem 2.6.1, the social choice function f is robustly double implementable.
We only verify robust strong incentive compatibility and robust strong monotonicity below.

To establish robust strong incentive compatibility, suppose the true payoff type pro-
file is 6 and each agent 7 in a coalition S misreports #;. For i € S, the net gain from
misreporting is
(OO0 +> 0, 0:—07/2) = (D _0,)-0,—07/2) =0; Y (0;—0;)— (6, —0:)*/2.

jes jese jel JES,j#i

If there exists ¢ € S such that §; = 0, then the coalition S cannot be strictly better-off by

deviating. If §; = 1 for all j € S, as ©; = {0, 1}, it must be the case that >, ¢ ., (0; —
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Qj) < 0, which also means that S does not benefit from deviating.

To establish robust strong monotonicity, let 3 be an unacceptable deception profile.
Then there exist different payoff type profiles 8* and 6’ such that ¢’ € 3(6*). Suppose agent
i satisfies 0 # 0. If 6 =1 > 0, = 0,lete = 1. If §f = 0 < 0, = 1,lete = —1. Then
define y = (yo, (y;)jer) : © = Aby y(0) = f(6; +¢€,6_;) for all # € ©. One can see that

> w007, (65 0-))i(0-) > > wi(F(05,07,), (67, 0-5))vi(6-;)

0-i€B_;(07)) 0-i€B_;(07))

forall 0, € B_,(0_;) and () € A(B_;(0",)), since

[(0; 4 e+ Z 07)0; — 0.5(0; +€)*] — [(0; + Z 07)0; —0.5(0;)%] = e(0; — ;) —0.5¢* > 0.
J#i J#i

For all 65 € Og such that i € S, there exists j € S such that

u](f( g‘5975>7 (ega 975')) 2 u](y< 37973)7 (eg‘?efS)) = u](f(9;+670f9\{2}7075)?( g?975>>

for all _g € ©_g because of robust strong incentive compatibility. Thus, one has estab-

lished the robust strong monotonicity condition.

2.8 Discussion
This paper introduces coalitional structures to study belief-free full implementation.
Given a coalition pattern, we have established necessary and almost sufficient conditions
for robustly fully implementing a social choice function as an interim coalitional equilib-
rium. Our modeling provides insights into implementing social choice functions that may
not be robustly Nash implementable. When the mechanism designer does not know which
coalitions can be formed, we also study robust double implementation. We discuss a few

possible extensions and open questions of this paper.
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2.8.1 Relaxing the Bad Outcome Property in an Economy

In an economy with at least three agents, the bad outcome property can be relaxed
if we look at interim coalitional implementation or interim double implementation over
all full-support and finite type spaces. Here, the implementation is no longer “belief-free”
because we impose the full support assumption. Consider an economy with L private
goods and a total resource (e, ..., el) > 0. The set of feasible pure outcomes X is defined
as {(21, ..., x,)|z; € Ry Vi € I, ;2 < €'Vl = 1,...,L}. For pure outcomes, the
utility function u;(-, 6) is assumed to be strictly increasing in every dimension of private
consumption and independent of other agents’ consumption. The “zero outcome” is not
a “bad outcome” because the strict inequality may not hold in Definition 2.5.1. We only
present a mechanism to address coalitional implementation. It shares some features with,
but is different from the one in Theorem 2.5.1.

With the same strategy space, we define
M= {m & M?|3i € Is.t.m; = (-,0,0,-)Vj # i},
M?(S) = {m|3K, > 0, andy € Y™ st.m; = (-, K,,0,y)Vi € 8,

mj = (,0,0,-)vj ¢ S},

M? = USES Mg(S)v
M? = M\(M"U M?).

If m € M, let g(m) be f(m?').

If m € M?(S) for some S € S, let g(m) be y(m?).

If m € M3, let g(m) allocate all resources to the agent with the highest m3.

Ties are broken in favor of the agent with the smaller index. The message sets M!
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and M? and the outcomes over them are similar to those in Theorem 2.5.1, except that we
do not need lotteries, we allow one agent to deviate in a detectable way in M*, and we
require at least n — 1 agents to have m? = 0 in M*' U M?2. The outcome function over M?
is essentially a winner-take-all integer game. We highlight the features of this mechanism
that allow us to relax the bad outcome property.

It is easy to see that for any T, o7(t;)) = (0;(£;),0,0,-) forall i € I and t; €
T; constitutes an interim coalitional equilibrium. Notice that if a non-singleton coalition
deviates, at most one agent can be strictly better-off. In other words, to prove the existence
of the “good” equilibria, we rely on the unevenness of the outcomes in M3 so that deviating
is never a coalition’s common interest. Recall that Theorem 2.5.1 relies on the fact that
every agent dislikes a bad outcome.

If there exists ¢ € T under which the submitted message profile o(¢) is different
from the above-mentioned one, there must be some agent j who does not win all the re-
sources under o (t) and can profit from claiming a strictly larger 7 than max;es 4, er, 07 (t:),
which is well-defined in any finite type space. For example, when o(t) € M?, there exists
S such that o(t) € M?(S). When |S| = 1 (|S| > 1), there must be an agent in S¢ (S) who
does not win all the resources and can deviate. When the belief is full-supported, such a
deviation is profitable for the agent. Recall that Theorem 2.5.1 relies on the “openness” of
the unwanted outcomes so that every agent wishes to deviate with o/ and go further away

from the bad outcome.
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2.8.2 An Alternative Definition of Interim Coalitional Equilibrium
Definition 2.3.2 assumes that agents within a coalition pool their private informa-
tion, which helps the coalition obtain higher efficiency. One can also study interim and
robust coalitional implementation without the information pooling assumption. However,
the efficiency level is reduced compared to Definition 2.3.2 in general. We provide one

solution concept without the assumption.

Definition 2.8.1: In a type space T, the strategy profile c* is an interim coalitional equi-
librium of the mechanism (M, g) if there does not exist S € S, t§ € Ts, and mg € Mg,
such that for all i € S,

> uilg(ms. o s(t-5)). 00t 1) ) mi(t)t-]

t_;€T_;

Namely, under any type profile, there does not exist a coalition who can strictly
benefit from committing within the coalition to sending a certain message. By setting
S to be singletons, we see that the above definition is a refinement of the interim Nash
equilibrium.

The necessary and sufficient conditions under this definition are natural extensions
of the one in Sections 2.4 and 2.5. It should be noted that the commitment within the
coalition to submitting mg plays a role in the proof. The commitment is realistic, as the

messages submitted to the mechanism designer are verifiable.
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CHAPTER 3
FULL IMPLEMENTATION UNDER AMBIGUITY

3.1 Introduction

In implementation theory, a mechanism designer aims to elicit information from
agents and realize an exogenous social choice set or function. If a mechanism can be de-
signed such that all its equilibria coincide with the social choice set, then the set is said
to be fully implementable. When agents have private information, the subjective expected
utility framework has been widely adopted in the literature to model agents’ preferences.
However, since fifty years ago, we have known from Ellsberg (1961) that the subjective
expected utility hypothesis is problematic. To this end, non-expected utility decision the-
ory has been developed. In particular, the seminal work of Gilboa and Schmeidler (1989)
proposes the maximin expected utility, which is one of the successful alternatives in de-
scribing agents’ decision making under ambiguity. With maximin expected utility models,
new insights emerge in the mechanism design theory. However, the full implementation
problem has not been considered yet under the maximin expected utility.

By assuming that agents are maximin expected utility maximizers, we provide a
new framework to study full implementation. The maximin preferences postulate that
agents have multiple beliefs and make a decision with the worst-case belief. As special
cases, this setup includes both the Bayesian framework, where the multi-prior set is a sin-

gleton, and the Wald-type maximin preferences, where agents’ decision making is based

I'This chapter is a joint work with Nicholas C.Yannelis.
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on the worst event.

In this paper, we allow coalitions to be formed under different patterns. When only
singleton coalitions can be formed, our solution concept is the ambiguous Nash equilib-
rium, which generalizes the Bayesian Nash equilibrium to maximin preferences. When all
coalitions are permissible, our solution concept is the ambiguous strong equilibrium, which
is an adaptation of the strong (Nash) equilibrium of Aumann (1959) to incomplete infor-
mation environments. Other coalition patterns can emerge, too. For example, when only
coalitions of cardinality less or equal to two are of interest, our solution concept follows
the spirit of the pairwise stable Nash equilibrium in the network literature.

We provide a unified approach to study implementation under different coalitional
patterns. The conditions of ambiguous coalitional incentive compatibility, ambiguous coali-
tional monotonicity, local Pareto efficiency, and closure are necessary and almost sufficient
for a social choice set to be implementable under a certain coalition pattern.

Alternatively, the mechanism designer may not know the coalition pattern, and thus
may require a social choice set to be implementable under all coalition patterns. This is
the so-called double implementation problem. We strengthen ambiguous coalitional incen-
tive compatibility and ambiguous coalitional monotonicity into ambiguous strong incentive
compatibility and ambiguous strong monotonicity for double implementation.

The conditions of incentive compatibility and monotonicity are usually relatively
demanding or difficult to check. However, under the Wald-type maximin preferences and
private value utility functions, we provide weak conditions to guarantee ambiguous strong

incentive compatibility and ambiguous strong monotonicity. As applications, we doubly
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implement the set of all ambiguous Pareto efficient social choice functions, the maximin
core, and the maximin value under the Wald-type maximin preferences.

The paper proceeds as follows. Section 3.1.1 reviews the related literature. Section
3.2 presents the primitives of the paper. We provide necessary and almost sufficient condi-
tions on ambiguous coalitional implementation in Section 3.3 and 3.4. Section 3.5 provides
conditions for double implementation. Section 3.6 focuses on Wald-type maximin prefer-
ences and provides easy conditions for ambiguous coalitional implementation and double
implementation. Several applications are provided in this section. Section 3.7 concludes

the paper.

3.1.1 Literature Review

Unlike full implementation, partial implementation only requires the existence of
a truth-telling equilibrium leading to the social choice outcome. Partial implementation is
studied under an incomplete information environment, and the main condition is incentive
compatibility. The emerging literature on mechanism design with ambiguity averse agents
has been focusing on partial implementation. de Castro and Yannelis (2018) prove that the
Wald-type maximin preference is the only preference to guarantee that all Pareto efficient
allocations are incentive compatible. de Castro et al. (2017a,b) thus partially implement ev-
ery Pareto efficient allocation as a maximin equilibrium. Bose and Renou (2014), Wolitzky
(2016), Song (2016), and the first chapter of the current thesis also study partial imple-
mentation of efficient social choice functions with ambiguity averse agents from different

perspectives. Other related papers focus on revenue maximization with ambiguity averse
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agents, e.g., Bodoh-Creed (2012) and Di Tillio et al. (2017). The current paper studies
full implementation with ambiguity averse agents, and thus is different from the above-
mentioned papers.

The problem of full implementation has been studied extensively in both complete
and incomplete information environments. With complete information, Maskin (1999),
Saijo (1988), and Repullo (1987) among others show that a monotonicity condition is nec-
essary and almost sufficient for Nash implementation. With incomplete information, the
Bayesian implementation literature has established the necessary and almost sufficient con-
ditions to implement a social choice set as a Bayesian Nash equilibrium, e.g., Postlewaite
and Schmeidler (1986), Palfrey and Srivastava (1987, 1989), Jackson (1991). In the cur-
rent paper, we have incomplete information and adopt the maximin preferences instead
of the Bayesian framework, which distinguish the current paper from the canonical full
implementation papers.

There are also works studying full implementation with coalitional structures. Un-
der the Bayesian framework, Hahn and Yannelis (2001) obtain necessary and almost suffi-
cient conditions for Bayesian strong implementation in exchange economies. Under com-
plete information, Maskin (1978), Moulin and Peleg (1982), and Dutta and Sen (1991)
among others provide necessary and sufficient conditions to implement a social choice cor-
respondence as a strong equilibrium. Suh (1996) and Suh (1997) characterize the condi-
tions for a social choice social choice correspondence to be implementable under a specific
coalition pattern or doubly implementable. The incomplete information and the maximin

preferences differentiate the current work from these papers.
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3.2 Environment
Following the seminal work of Gilboa and Schmeidler (1989), we assume that
agents have multiple probability assessments towards others’ types and that each agent
makes decisions by considering the worst-case belief, i.e., agents’ preferences are repre-
sented by the maximin expected utility. Our asymmetric information environment is given
by

&= {[, A, (T‘w Hiv ui)?:l}7

where:

e [ ={1,...,n} is the set of agents;

o A s the set of feasible outcomes, i.e., the set of all lotteries over a pure outcome set
X;

e t, € T} is a type of agent 7, which is agent ¢’s private information; we focus on the
case that each T; is finite; the set of all type profiles is denoted by 7" = [],_, T;; for
a subset S C I, denote Tg = HjeS Tj; for an agent 7, denote T, = H#i Ty

e agent ¢ with type ¢; has an ambiguous belief II;(¢;), where the function II; : T, —
224(T-:) maps each type of agent i into a non-empty, compact, and convex set, in
which each element 7;(¢;) € A(T_;) is a probability distribution over 7"_;, assigning
probability 7;(t;)[t_;] to the event that others have type profile ¢_;;

e u; : X xT — R, agent ’s utility function, represents agent ¢’s utility of consuming
a pure outcome a € X, when the realized type profile is ¢ € T'; then extend the

domain of u; to A x T so that for any a € A = A(X) with density function p(-),

ui(a,t) = [,y ui(x,t)p(x)dr; assume that the utility function is bounded on A;
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when u;(a, (t;,t—;)) = u;(a, (t;,t";)) foralla € A, t; € T;,,and t_;,t", € T, the
utility function u; is said to have private value, and in this case, we denote the utility
function by u;(a, t;) for simplicity.

We assume that the above environment is common knowledge among the mech-
anism designer and all agents. From Epstein and Wang (1996), the common knowledge
assumption of a non-Bayesian type space is well-defined.

Following Jackson (1991), we impose the following assumption on the environ-
ment: for each t € T, if there exists ¢ € [ such that m;(¢;)[t—;] = 0 for all m;(¢;) € IL(t;),
then for all j # 4, m;(t;)[t—;] = O for all ;(¢;) € IL;(¢;). In other words, agents agree
on the set of type profiles that occur with zero probability under all beliefs. Then define
T* ={t e T\Vie l,3mt;) € II;(t;) s.t. m;(t;)[t—;] > 0} to be the set of type profiles that
occur with positive probability under at least some belief.

Define the information set of type-t; agent i by F;(t;) = {(¢;,t_;) € T*|3Im;(t;) €
I1,;(t;) s.t. m;(t;)[t—;] > 0}, which is the set of type profiles that occurs with positive prob-
ability under some belief of type ¢;. Notice that agent 7’s information sets under different
t; € T; form a partition of 7*. Denote the partition by F; = {F;(t;) },er,- A coalition is
an non-empty subset S C /. For a coalition S C I, let s denote the common knowledge
of coalition S, which is the finest partition of 7™ that is coarser than F; for every i € S.
Note that for a singleton coalition S = {i}, F(;; = F; and thus we use the two notations
interchangeably.

For illustration, consider I = {1,2}, T} = {t1,#?} and T, = {tl,#3}. For both

agents, the multi-belief set II;(¢}) is the set of all beliefs over T'_;, and the multi-belief
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set I1;(t?) is the singleton {m;(t?)}, where 7;(t?)[t',] = 1. Then we have F;(t}) =
{851, (6, 2) ), Filtd) = {3, t1) ) Fo = {F(t), F() 1 T = { (11, 12), (41, £5),

(1, t3), (17, 83)}, and T* = Fi = {(t1, 13), (11, £3), (1, 15)}-

A social choice function is a mapping f : T — A. For agent ¢ € [ with type
t; € T;, agent ¢’s interim preferences, or maximin expected utility, of consuming f is

defined as

min Y (f(), ) mi(t)[t—i].

m(ti)Ei(t) | S
A social choice set is a set of social choice functions.
If each ambiguous belief is a singleton, the interim preferences are consistent with
the Bayesian preferences of Harsanyi (1967), which have been adopted by Jackson (1991)
to study full implementation.
Agent 7 is said to have the Wald-type maximin preferences, or extreme ambiguity
aversion, if for all ¢; € Tj, F;(t;) = {t € T|t_; € T_;}, and II;(¢;) = 22(7=9)_ In this case,

T =T* and

m(tir)neirrlli(ti) t;. “ (f(t)’ t) miti)[t—i] = t_rirgir}_i Ui (f(t), t).

This preference has been adopted by de Castro et al. (2017b) and de Castro and Yannelis
(2018) to resolve the conflict between efficiency and incentive compatibility.

A mechanism is a pair (M, g) = ([ [,c; M, g), where M, is the set of all messages
that agent 7 can submit to the mechanism designer, 1.e., M; is the message space of agent

1. When M = T, the mechanism is a direct mechanism, but we consider a general message
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space in order to achieve full implementation. An outcome function is a mapping g :
M — A, which assigns a feasible allocation to each message profile. Agent i’s strategy
o; : T; — M; is a private information contingent plan of submitting messages. A strategy
profile is given by o = (01, 09, ..., 0,,). For simplicity, denote by og the strategy profile for
all agents in S' C 1.

A mechanism (M, g) fully implements a social choice set F, if the following two
conditions are satisfied:

1. for any f € F, there exists an equilibrium o : 7' — M of the mechanism (M, g)
such that g(o(t)) = f(¢) forall t € T;

2. if o is an equilibrium of the mechanism (M, g), then there exists f € F such that
g(o(t)) = f(t) forall t € T*.

If the first requirement is satisfied, then the social choice set F'is said to be partially
implemented by (M, g).

In this paper, we provide a unified treatment for implementation under different
coalition patterns. A coalition pattern S is a family of coalitions, representing all permis-
sible coalitions. We assume that for all i € I, {i} € S. Namely, each singleton coalition
is a permissible coalition. In Sections 3.3 and 3.4, we assume that the coalition pattern is
common knowledge among the mechanism designer and all agents.

Under coalition pattern S, our solution concept is the ambiguous coalitional equi-
librium, which is a generalization of the strong (Nash) equilibrium of Aumann (1959) to
incomplete information and alternative coalition patterns. If a strategy profile is an am-

biguous coalition equilibrium, there does not exist a coalition and a type profile, such that
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a deviation is profitable for the coalition.

Definition 3.2.1: A strategy profile o* is an ambiguous coalitional equilibrium of the
mechanism (M, g), if there does not exist S € S, t* € T*, and strategy profile o : Ts —

Mg such that

min > wilg(os(t] tavgy), 0 s(t-s)), (8, 1)) mi(ty) [t ]

m(EEm(E) | =
—1 —1

> min Z U; (g(U*(t;k, t,i)), (If:, Li))m(tf)[tfi]

T meeL) | o
—1 —1

for all v € S and the strict inequality holds for some i € S.

This solution concept is an adaptation of the strong (Nash) equilibrium of Aumann
(1959) and the J equilibrium of Suh (1996) to incomplete information, and an adaptation
of Hahn and Yannelis (2001)’s coalitional Bayesian Nash equilibrium to maximin prefer-
ences under a specific coalition pattern.

In this paper, a profitable deviation for the coalition .S only needs to strictly improve
one member’s interim payoff instead of every agent’s payoffs. This is different from the
above-mentioned papers, but it allows us to naturally connect Pareto efficiency and the
ambiguous coalitional equilibrium under coalition pattern S = 27\(). Also, for Definition
3.2.1, we assume that there is no information exchange within the coalition. These two
features differentiate this solution concept from the one adopted by the second chapter.

When S = {{1},{2}, ..., {n}}, we call the ambiguous coalitional equilibrium an
ambiguous Nash equilibrium, which is the generalization of the Bayesian Nash equilib-

rium to maximin expected utility. The solution concept has been adopted by Bose and
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Renou (2014) and Wolitzky (2016) among others to study partial implementation. When
S = 2\, we call the ambiguous coalitional equilibrium an ambiguous strong equilib-

rium, which is immune to all coalitional deviations.

3.3 Necessary Conditions
In this section, we introduce conditions that are necessary for ambiguous coalitional
implementation. We show that if a social choice set is implementable, it satisfies ambiguous
coalitional incentive compatibility, ambiguous coalitional monotonicity, closure, and local

Pareto efficiency.

3.3.1 Incentive Compatibility
A deception for agent 7 is a mapping «; : T; — T}, i.e., under «;, the type-¢; agent
reports «;(t;) to the mechanism designer. Specifically, the identity mapping o : T; :— T;
is the truthful report. We denote by « the deception profile («, as, ..., a;,) and denote by
ag : Ts — Tg the deception profile (o; : T; — T});cs. The ambiguous coalitional incentive

compatibility condition is presented below.

Definition 3.3.1: A social choice set F satisfies the ambiguous coalitional incentive com-
patibility condition if there exists no f € F, S € §, t* € T*, and ag: Ts — Ts such

that

min Z u; (f (as(t;, tsvay)s tos), (t, t—z‘))ﬂ‘(ﬁ)[t—i]

i (7)€L (t]) P
> omin Y w(f(E ), (8, 1) m(t]) [t

T mel), =
—1 —1

for all v € S and the strict inequality holds for some i € S.
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We now prove that this condition is necessary for ambiguous coalitional implemen-

tation.

Proposition 3.3.1: If a social choice set F' is implementable as an ambiguous coalitional

equilibrium, then it satisfies the ambiguous coalitional incentive compatibility condition.

Proof. Suppose by way of contradiction that there exists f € F,t* € T*, and ag: Tg —

Ts such that

min Z u; ( flas(ti tsvay) t-s), (&7, t_i))m-(t;*)[t_i]

m(tf)eni(ﬁ)t g
—i —i

> omin > (), (8, 1) m(t) [t

- omi(t))EMw(t)) ¢ et
for all + € S and the strict inequality holds for some 7 € S.
As F' is implementable, there exists a mechanism (M, g) that implements F' as
an ambiguous coalitional equilibrium. As f € F, there exists an ambiguous coalitional
equilibrium o* of (M, g) such that g(c*(¢)) = f(¢) forall ¢ € T™. Denote 0§ o a§ : Tg —

Mg the strategy profile defined by (¢ o «v; : T; — M;);es. Therefore,

min " wi(g(oblas(th tai), o s(t-s)), (6,10 ) milt) [t

m(t)E (1),
—1 —1

> min Z U; (g(U*(tf,t—i)>7 (ﬁj—z‘))ﬂi(tf)[t—i]

- om(t)ElL(ty) ¢ e
for all ¢ € S and the strict inequality holds for some i € S.
As 0% o ag is a profitable strategy profile for coalition 5, the above inequality con-
tradicts the supposition that ¢* is an ambiguous coalitional equilibrium. Therefore, we

have established the necessity of the ambiguous coalitional incentive compatibility condi-
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tion. ]

3.3.2 Monotonicity

For full implementation, we need a version of the monotonicity condition intro-
duced by Maskin (1999) under complete information. Postlewaite and Schmeidler (1986),
Palfrey and Srivastava (1989), Jackson (1991), and Hahn and Yannelis (2001) adopt related
concepts under asymmetric information. They prove that a variant of Maskin’s monotonic-
ity condition is key for implementation.

We define first the notion of unacceptable deceptions. Given f € F, the deception
profile  : T — T is acceptable, if there exists f' € F with f'(t) = f(a(t)) forallt € T*.
Otherwise, the deception is unacceptable.

For a social choice set F', a social choice function f € F', and coalition .S, let the
set H/*% be the collection of all social choice functions h : 7' — A such that there does not

exist a deception profile Bg : Ts — T, a type profile t* € T™* such that

min S, (h(ﬁs(t;f, tovgiy) tos), (£, t_,-)> w9t i]

m(tE(E) , S
—1 —1

> min Z U; (f(tjv t*i)v (t;kv t*i))ﬂ'i (tj) [tfl]

m(t)el(®) | "=
for all 7 € S and the strict inequality holds for some i € S.
For the special case that S = I, let the set H 51 be the collection of all social choice
functions h : T" — A such that there does not exist a deception profile 5 : T — T, a type

profile t* € T, and a social choice function f' € F, such that

min 3 wi(A(BE ), (8t )mi(E)fe)

Wi(tf)GHi(tf)t T
—1 —1
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> omin Y (f(E ), (8 ) m(E)[t—]

s (tf)eHl(t;‘) el
for all 7 € I and the strict inequality holds for some 7 € 1.
Given a coalition pattern S, a social choice set F', a social choice function f € F),

and a coalition S € S, define the reward set H g in the following way:

HL — ﬂSQSSeS Hf’g_ ifl €8,
° (HS'Z_)S,S'GS Hf’s) N (mfIEF HY 1) otherwise.

A function in the reward set is called a reward function. Each set H f; is called a reward

set. A function in the reward set is called a reward function.

The ambiguous coalitional monotonicity condition is defined in the following way.

Definition 3.3.2: A social choice set F' satisfies the ambiguous coalitional monotonicity

condition, if for any social choice function f € F and unacceptable deception o : T — T,
there exists S € S, t* € T*, and h € Hg such that

. i h(t5, to\giy, s (t— ,t*,t,i) ()t
mE ey (e2) > “( (& vy as(tos)), (7, 1-0) ) ma(t7)[t-d]

t_;€T—;

> min 3 w(Fal 1)), (00wl [

T men) | o
—1 —1

for all v € S and the strict inequality holds for some i € S.

Proposition 3.3.2: If a social choice set F' is implementable as an ambiguous coalitional

equilibrium, then F' satisfies the ambiguous coalitional monotonicity condition.

Proof. Suppose F'is implementable as an ambiguous coalitional equilibrium and the de-
ception profile  : T" — T is unacceptable for f € F, we want to establish the ambigu-

ous coalitional monotonicity condition. As F'is implementable, there exists a mechanism
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(M, g) and its ambiguous coalitional equilibrium ¢* such that g(c*(¢)) = f(t) for all
t € T*. Since « is unacceptable for f, o* o « is not an ambiguous coalitional equilibrium.

Hence, there exists S € S, t* € T, and strategy profile o : T's — Mg such that

min > wi(g(05(t sy 0" slas(to9)), (t 1) )t

7 (EF) eIl (tF
(e, S

> min S w(g(o” (. 1-0). (810 (s 1]

m(tE(t)) |
for all « € S and the strict inequality holds for some 7 € S.

Define b : T — A by h(t) = g(o4(ts), 0 4(t_s)) forall t € T. Then we have

min Z uz< tts\iys as(t-s)), (¢, tfi))ﬂi(t:)[tfi]

(L) €T (
t_,€T_;

> min : Zui<f(a(tf,t_i)),(tf,Lﬁ)m(ﬁ)[t_i]

mi (e, =7
for all + € S and the strict inequality holds for some 7 € S.
Now we need to establish that h € H g
Since o* is an ambiguous coalitional equilibrium, for any deception profile /3, coali-
tion S € S with S C S, (0 o Bs, 0% © Bs\s) cannot be a profitable deviation from o at
any 7 € T™. Therefore, there does not exist 7 € T, such that

min Y ui<h(55(7'¢,t§\{i}),t,g),(Ti,t,i))m(n)[t,i}

7 (13) €M (74) ¢ et

> min Z ui(f(ﬂ,t i), (Tis t ))Wi(Ti)[t—i]'

i (73) €13 (75) e
This has established that h € H/*S. When I € S ,forany f’ € F, there exists an ambiguous

coalitional equilibrium ¢** such that g(c**(t)) = f'(¢) forall t € T*. As (050 fs,0" g 0
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f_g) is not a profitable deviation for I, one can apply a similar argument to show that
h € H. As aresult, we have h € Hg.
Therefore, we have established the ambiguous coalitional monotonicity condition.

O

3.3.3 Efficiency
We begin with defining an ambiguous Pareto efficiency condition in the interim

stage.

Definition 3.3.3: A social choice function f is said to satisfy the ambiguous Pareto effi-
ciency condition if there does not exist another social choice function y : T — A and a

type profile t* € T such that

min Z wi(y(t7,t), (7, t-0))mi(t7) [t ]

7 (EF) eIl (tF
(et S

> min Z wi( f(t7, =), (t, =) m(tD)[t—i]

i (7)€L (t7) el
for all v € I and the strict inequality holds for some i € I. A social choice set F' is said
to satisfy the ambiguous Pareto efficiency condition if every social choice function [ € F

satisfies the ambiguous Pareto efficiency condition.

This condition is not necessary for implementation in general. For example, con-
sider a constant social choice function that is not ambiguous Pareto efficient. The function
is implementable by a mechanism with a constant outcome function.

However, when I € S, a “local” efficiency condition is necessary to prevent devi-

ation of the grand coalition. The condition is “local” in the sense that any function in the
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social choice set cannot be dominated by another function in the social choice set.

Definition 3.3.4: A social choice set I is said to satisfy the local Pareto efficiency condi-
tion if there does not exist f, f' € F, t* € T*, and a deception profile o : T — T such

that

min Z wi(f'(a(t], 1)), (8] t—))mi(t])[t—i]

m(t)e (), =
—1 —1

> min Y w(f(E ), (8, t))mi(E)[t-]

T m(en), S
—1 —1

for all i € I and the strict inequality holds for some i € 1.

It is easy to see that if a social choice set is ambiguous Pareto efficient, then it

satisfies the local Pareto efficiency condition.

Proposition 3.3.3: When [ € S, if a social choice set F' is implementable as an ambiguous

coalitional equilibrium, then I’ satisfies the local Pareto efficiency condition.

Proof. We prove by way of contradiction. Suppose F' is implementable, but there exists

f,f € F,t* € T*, and a deception profile o : T" — T such that

min Z wi( [/ (i, t2q)), (8t =) ms(t;) [t -]

m(t)e(t]), <
—1 —1

> min Y w(f(E ), (6 ) m(t) -]

m(t;*)em(t;‘) el
for all = € I and the strict inequality holds for some 7 € I.
As F'is implementable, there exists a mechanism (/, g) and ambiguous coalitional

equilibria o and ¢’ such that g(o(t)) = f(t) and g(o’(t)) = f'(t) forall ¢ € T. Then we
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have ¢’ o « is a profitable grand coalitional deviation from o at state ¢t*. Hence, o cannot

be an ambiguous coalitional equilibrium, a contradiction. [

3.3.4 Closure
The closure condition for implementation as an ambiguous coalitional equilibrium
is similar to those under the Bayesian implementation literature.
For any subset £ C T, let the function 1x(-) : 7" — {0, 1} be the index function,

which is equal to 1 when ¢ € E and equal to 0 elsewhere.

Definition 3.3.5: A social choice set F' is said to satisfy the closure condition, if for any dis-
joint sequence of (E* € Fp)rek such that T* = Uyc i E* and any sequence of social choice
functions (fF° € Fyer, any function f : T — A satisfying f(t) = 3 ,ep 1an(t) f7 (1)

forallt € T* is an element of F'.

Proposition 3.3.4: If a social choice set F' is implementable as an ambiguous coalitional

equilibrium, then F satisfies the closure condition.

Proof. As F is implementable, for each E* and thus f¥ *  there exists an ambiguous coali-
tional equilibrium o®* such that g(cZ" (t)) = fE"(¢) for all t € T*.

For each i € I, define o; : T; — M, by o;(t;) = oiEk (t;) for all ¢; € T; such that
Fi(t;) C E*. Then it is easy to prove that o is an ambiguous coalitional equilibrium and
leads to an outcome that is consistent with f in 7. Since F' is implementable, we have

ferF. O
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3.4 Sufficient Conditions
The sufficient conditions to implement a social choice set F' as an ambiguous coali-
tional equilibrium are usually slightly stronger than the necessary conditions. We will im-
pose the additional condition, the bad outcome property, and construct a mechanism (M, g)

to implement F'.

Definition 3.4.1: A social choice set I satisfies the bad outcome property if there exists

a € Aand § > 0 such that u;(f(t'),t) — u;(a,t) > dforalli € I, f € F,and t,t' € T.

For example, consider a quasilinear environment where a social choice function has
a non-linear part ¢ and a monetary transfer part (&;);c;. Each agent i has a quasilinear utility
function w; ((q(t),£(¢)),t) = vi(q(t),t) + &(t). To bound the utilities, assume that ¢ and
each ¢&; are bounded functions. Taking a sufficiently large transfer from agents can usually
serve as a bad outcome.

For full implementation of social choice sets, usually a full-support assumption is
important. For example, Jackson (1991) focuses on implementation on 7™, where each type
profile on 7™ has positive probability. However, under the Wald-type maximin preferences,
there are beliefs that impose all weights on the worst-cast events, and thus not all beliefs
have full support over 7. This brings in difficulties in the sufficiency proof. As a result,

we impose the following assumption for Theorem 3.4.1.

Assumption 3.4.1: For each t € T*, there exists j € I such that
1. there exists ;(t;) € IL;(t;) such that w;(t;)[t_;] = 1, or

2. mi(t;)[t" ;] > Oforallt’ ; such that (t;, ;) € F;(t;) and m;(t;) € TL;(t;).
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The assumption is satisfied, when for all ¢ € 7™, there exists an agent j € [ such
that IT;(t;) includes all distributions over {t' ; € T ;|(t;,t ;) € F;(t;)} or II;(t;) is a
set of full-support distributions over {t' ; € T ;|(t;,t" ;) € F;(t;)}. Hence, both the
Bayesian preferences adopted by Jackson (1991) and the Wald-type maximin preferences

of de Castro and Yannelis (2018) satisfy the above assumption.

Theorem 3.4.1: Suppose Assumption 3.4.1 holds. A social choice set F' is implementable
as an ambiguous coalitional equilibrium if
1. I € S and F satisfies ambiguous coalitional incentive compatibility, ambiguous
coalitional monotonicity, closure, and the bad outcome property;
2. I € S and F satisfies ambiguous coalitional incentive compatibility, ambiguous

coalitional monotonicity, closure, local Pareto efficiency, and the bad outcome prop-

erty.

Proof. We construct a mechanism (M, g) to implement F'. Each agent i reports a message

m; = (m},m?,m$, m$,m?), wherem! € T;,, m? € F,m} € N,,m{ e N,,m? € {h:

T — A}. We partition the message space into M, M?, and M? as follows:

M' = {m|3f € Fst.m; = (-, f,0,-, Vi € I},

M?(S)={m|3f € F,K, > 0,h € Hist.m; = (-, f, K1,-, h)¥i € S;m; = (-, £,0,,-)
Vj &5},

M? = Uges M*(9),

M3 = M\{M"' U M?}.

Let a be a “bad outcome” and 6 > 0 be a number described in the in the bad
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outcome property. Pick any f° € F, and let a (-) be f°(-) with probability ¢ > 0 and a
with probability 1 — ¢, where € is sufficiently small such that u;(a,(t'),t) = eu;(fO(t'),t) +
(1 = eui(a,t) < ui(a,t) + 6 < u(f'(t),t) forall t,t' € T, i € I, and f' € F. Notice
that the “ = " relies on the additivity of the utility function, which is a result of its integral
form. The “ < ” relies on the boundedness of u;. By the bad outcome property, we also
have u;(a,t) + €6 < u;(a(t'),t) forallt,t’ € Tandi € I.

If m € M, let the outcome allocation be g(m) = f(m!).

If m € M?, there exists S € S such that m € M?(S). Let g(m) be a lottery h(m'),
which has a realization of h(m'), with probability K, /(K + 1), a_(m') with probability
(1/(nK14n)) Y ,c;(mi/(m}+1)), and a with probability (1/(nK; +n)) >, (1/(m}+
1)).

If m € M?, let g(m) be a(m') with probability (1/n)>",,;(m}/(m} + 1)) and a
with probability (1/n) >, ;(1/(m? + 1)).

The outcomes in M? and M? are compound lotteries of a, a_(m'), and h(m'). The
additivity of the utility function implies that the higher weight the lottery puts on a (m?')

as opposed to a, the better the outcome is.

Claim 3.4.1: For each f € F, o} (t;) = (t;, f,0,-,-) forall i € I and t; € T} constitutes

an ambiguous coalitional equilibrium of (M, g).

Proof: We wish to show that for any S € S and strategy profile o, o is not a profitable
deviation from og.

Suppose I € S. We consider the grand coalition’s deviation at t* € T™. Suppose
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there exists f' € F' such that g(o’(t)) = f'(t) for all t € U;csF;(tf). By the local Pareto
efficiency of F', the deviation is not profitable. Suppose there exists S C I, S € S, and
t € UjesFi(t}) such that o/ () € M?(S), then by the definition of H i , the deviation is not
profitable. Suppose there exists ¢ € U;cs.F;(tF) such that o’(¢) € M?, by the bad outcome
property, the deviation is not profitable.

Now consider any non-grand coalition S € S. Suppose (0%(ts), 0" ¢(t_g)) € M*
for all t € U;esF;(t]), by ambiguous coalitional incentive compatibility, S does not have
the incentive to deviate with such a strategy profile oy. Suppose there exists S C S, S € S,
and t € U;esFi(t}) such that o’(t) € M?(S), then by the definition of H i , the deviation
is not profitable. Suppose there exists ¢ € U;csF;(¢;) such that (o%(ts), 0% 4(t_s)) € M?,
by the bad outcome property, the deviation is not profitable for S.

This completes the proof of the claim.

Claim 3.4.2: If o is an ambiguous coalitional equilibrium of the mechanism (M, g), then

o(t) € M! forallt € T*.

Proof: Decompose agent i’s strategy o; : T; — M; by 0; = (0},0%,03,0},0?). Suppose

by way of contradiction that there exists ¢ € T* such that o(t) ¢ M'. Below we show
that there exists j € I who is strictly better off with the strategy o’ defined as o’(t;) =
(o5

contradict the fact that o is an ambiguous coalitional equilibrium.

t;),05(t;), 03(t;), 1 + o}(t;),03(t;)) and of(t;) = o;(t}) for t} # ;. This would

J J J

Suppose that there exists S € S and ¢t € T* such that o(t) € M?(S). This im-

plies that there is an agent j € I with type t; such that o(t;) > 0. Let agent j with
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type t; deviates with strategy o”;. For all ¢’ ; such that (¢, ;) € F;(t;), when o(t;,t" ;)
in M?, (0(t;),0-;(t";)) leads to a strictly better lottery in M?; when o(t;,t' ;) in M?,

/

(0%(t;),0-;(t";)) leads to a strictly better lottery in M?. This means that the maximin
expected utility of deviating is strictly higher, contradicting the fact that o is an ambiguous
coalitional equilibrium.

Suppose that there exists ¢ € T* such that o(t) € M?>. By Assumption 3.4.1,
there exists an agent j such that part one or two of the assumption is satisfied. For all ' ;
such that (t;,t" ;) € F;(t;) and o(t;,t" ;) € M', the message profile (o(t;),0_;(t";))
leads to the same outcome with o (t;,t ;). For all #’_; such that (¢;,t" ;) € F;(t;) and
o(t;,t" ;) € M?> U M?, the message (07(t;),0_;(t';)) leads to a strictly better outcome
than o(t;,t" ;). Then we want to show that this agent j with type ¢; can deviate with
strategy o’ and improve her maximin expected utility. Let 7;(¢;) € II;(t;) be the belief
such that

Zuj (9(05(t;), o5 (t";)), (£, 1)) 75 (t5) [t 5]

t/_jET_j

= Juin D ui(g(0f(ty), 05(85), (85,82 ) () -]

i ()€ =
Below we want to show that there exists ¢’ ; such (t;,t" ;) € F;(t;), (0(t;),0;(t";)) €
M? U M?, and 7;(t;)[t" ;] > 0.

To see this, we discuss case by case. When part two of Assumption 3.4.1 in the
last paragraph holds, we know 7;(t;)[t_;] > 0 where (0(t;),0_;(t_;)) € M?. Then by
letting ¢’ ; = ¢_;, we can fulfill the goal stated at the end of the last paragraph. When

part one of the assumption holds, 7;(¢;) cannot put all weights on the set of ¢’ ; such
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that (0(t;),0_;(t";)) € M"'. Because otherwise, the belief 7;(t;) € II;(t;) such that
mj(t;)[t—;] = 1 would bring a strictly lower expected utility than 7,(¢;) by the bad lottery
construction over M3, This contradicts the definition of 7;(;). Thus, there exists ¢’ ; such
(t5,8)) € Fi(ty). (0)(t;), o—y(t.,)) € M2 UM, and 75(t,)[t] > 0.

Hence, we have

S ui(g(o)(ty), oy (H ), (5, 1)) ()]

t €T
> 37wy (glot ), (4.t )& ()]
t €T
. , / /
- j (tj)mEllIle(tj) Z Ui (g<a(tj’ tﬁ)’ (5, t*j))ﬂj (t;) [tfj]u

which means the deviation is profitable for agent j, contradicting the fact that o is an

ambiguous coalitional equilibrium.

Claim 3.4.3: [f o is an ambiguous coalitional equilibrium of (M, g), then there exists f' €

F such that g(o(t)) = f'(t) forallt € T™.

Proof: From the previous claim and the closure condition, there exists f € F' such that
g(a(t)) = f(ol(t)) forall t € T*. Suppose there does not exist f’ € F such that g(o(t)) =
f'(t) for all t € T*. Define a deception profile o : T — T by «;(t;) = o} (t;) foralli € T
and t; € T;. Then we know that « is unacceptable for f.

By the ambiguous coalitional monotonicity condition, there exists S € S, t* € T™,
and h € H {; such that the inequality in Definition 3.3.2 is satisfied for all : € S and the
strict inequality holds for some ¢ € S. Pick a large integer K* > (0. For eachi € S,

define o/ by o/ (t;) = (0} (t;),02(t;), K*,-, h) for all t; = ¢}, and define o/ (t;) = 0;(t;)

(2
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elsewhere. Then for all (¢3,t_s) € UsesFi(t]), (04(t5), 0-s(t_s)) € M?*(S). When K*
is sufficiently large, by the ambiguous coalitional monotonicity condition, this deviation is
strictly profitable for S at ¢t*, a contradiction.

In view of the three claims, we have established that (M, g) implements F. O]

When F' is a singleton, the local Pareto efficiency condition and the closure condi-

tion hold trivially, and thus we have the following corollary.

Corollary 3.4.1: If a social choice function f satisfies ambiguous coalitional incentive
compatibility, ambiguous coalitional monotonicity, and the bad outcome property, then it

is implementable as an ambiguous coalitional equilibrium.

Notice that in this special case, agents can never submit a message profile in M?3.

Thus, we do not need Assumption 3.4.1.

3.5 Double Implementation

Suppose the mechanism designer does not know the coalition pattern, then it is of
interest to study when and how a social choice set is implementable under all coalition
patterns.

There exists a mechanism (M, g) to implement a social choice set as an ambiguous
coalitional equilibrium under all coalition patterns, if and only if (M, g) implements a
social choice set as an ambiguous Nash equilibrium and an ambiguous strong equilibrium
simultaneously. Thus, this question is called a “double implementation” question.

The following strengthening of ambiguous coalitional incentive compatibility con-
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dition is necessary for implementation.

Definition 3.5.1: Under Assumption 3.4.1, a social choice set F' satisfies the ambiguous
strong incentive compatibility condition if there exists no f € F, S C I, t* € T, and

ag: Tg — T such that

min > ( Fas(t; tsy) tos), (£, t,,-))m(tj)[t,i]

m(t)e (1)), <
—1 —1

> i (e ), (8 b)) ()]

m(t;‘)el‘[i(tf ¢ e
—i —1

for all v € S and the strict inequality holds for some i € S.

The proof of the condition’s necessity is omitted, as it is a natural extension of the
ones in mechanism design theory.

Subsequently, we provide a strengthening of the ambiguous coalitional monotonic-
ity condition.

Given a social choice set F', a social choice function f € F, and a agent i € I,
define the strong reward set A = ((,, iescr H AN per 1), The strong reward
set H; 7 is equal to the reward set H [} under the coalition pattern S = 27\ (.

The ambiguous coalitional monotonicity condition is defined as follows.

Definition 3.5.2: A social choice set F satisfies the ambiguous strong monotonicity con-
dition, if for all f € F, whenever the deception profile o : T' — T is unacceptable, there

existsi € I, t, €T}, and h € P_[if such that

_min )t;ui(h(ti,ai(ti)),t)m(ti)[ti]> min t;u( ) ()],
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We sketch the proof of its necessity below. Suppose F' is doubly implemented by
(M, g) and the deception profile o : 7" — T is unacceptable for f € F. There exists an
ambiguous strong equilibrium o* such that g(c*(t)) = f(t) for all t € T* such that 0" o
is not an ambiguous Nash equilibrium. Hence, there exists ¢ € I, ¢ € T}, and a strategy
ol T; — M, such that

1 /
Tri(tjb.‘r)nellgli(tz) Z U (g(O'Z( ;

t_;€T_;

> min Y ui<g(o*(a(tf,t,i)),(tf,t,i))m(tf)[t,i].

mi(t7) €l (t]) P
Define h : T — A by h(t) = g(o(t;), 0" ;(t—;)) for all t € T. Then the above

7

inequality becomes

mh%ﬁ) > l%(h@%auxt4n,@;tfﬂ)ﬂxﬁ)ﬁﬂ]

i (tF)€ell;
Z( ’L) ‘ t_;€T_;

> min Y ui<f(a(tff,t,i)),(tf,t,i))m(tf)[t,i].

m(tEM (), A

Now we need to establish that h € H f .

Since ¢* is an ambiguous strong equilibrium, for any deception profile /3, coalition
S C I'with S 34, (07 0 Bi, 0% ;) © Bs\(iy) cannot be a profitable deviation from ¢7. Then
one can establish h € H/5.

For any f’ € F, there exists an ambiguous strong equilibrium ¢** such that g(c**(t)) =
f'(t) forall t € T*. As (0} o B;, 0", o _;) is not a profitable deviation for 7, one can also
show that h € HI".

The result below shows that the above two conditions, as well as local Pareto effi-

ciency, closure, and the bad outcome property are sufficient for double implementation.
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Theorem 3.5.1: Under Assumption 3.4.1, if a social choice set I' satisfies ambiguous
strong incentive compatibility, ambiguous strong monotonicity, closure, local Pareto ef-
ficiency, and the bad outcome property, then it is doubly implementable as an ambiguous

Nash equilibrium and an ambiguous strong equilibrium.

The proof is similar to that of Theorem 3.4.1, except that M? = Upcsc M?(S).
Notice that the proofs of the claims need to be modified naturally for the purpose of double
implementation. We omit the details.

When F'is a singleton, we have the following corollary.

Corollary 3.5.1: If a social choice function f satisfies ambiguous strong incentive com-
patibility, ambiguous strong monotonicity, and the bad outcome property, then it is doubly

implementable as an ambiguous Nash equilibrium and an ambiguous strong equilibrium.

3.6 Wald-type Maximin Preferences: Applications
We impose the following assumption throughout this section for insights beyond

the Bayesian implementation literature.

Assumption 3.6.1: Agents have private-value utility functions in the ex-post stage and the

Wald-type maximin preferences in the interim stage.

This assumption helps us to establish Lemmas 3.6.1 and 3.6.2, and thus we adopt
the notation u;(a, t;) and min; .7, u;(f(t), ;) to represent the ex-post and interim utilities
respectively.

de Castro and Yannelis (2018) have adopted a weaker version of Pareto efficiency
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and shown that under Assumption 3.6.1, every Pareto efficient social choice function is
ambiguous (individual) incentive compatible. The following result shows that under the
stronger version of ambiguous Pareto efficiency, every ambiguous efficient social choice
function is also ambiguous strong incentive compatible, and thus is immune from any coali-

tional misreport.

Lemma 3.6.1: Under Assumption 3.6.1, any ambiguous Pareto efficient social choice func-

tion f satisfies the ambiguous strong coalitonal incentive compatibility condition.

Proof. Let f be an ambiguous Pareto efficient social choice function. Suppose by way of
contradiction that F' is not ambiguous coalitional incentive compatible. Then there exists

SCI,t"eT* and ag: Ts — Tg such that

, min v, (f(ozs(tf, ts\fi})s t-s), tf) >, min (fltr,to0).t))

for all + € S and the strict inequality holds for some 7 € S.

Define a new social choice function y : T — A by

(t) - { f(Oés(ts),t_S) ift € Uigs./—"i(t:),
RO= 1 (t) otherwise.

Now we prove that y Pareto improves upon f.

From the previous paragraph, we know that

t,rflei%l,i wi(y(t;,t-),t5) > t,%i%l,i wi (f(E5,t=0),t7)

for all « € S and the strict inequality holds for some 7 € S.
Forall j ¢ S, define Y (tj) = {y € A[Ft_; € T_js.t.y =y(t;,t;)} and X (t]) =

{re A3t ; €T jst.x= f(t;,t_;)}. We want to establish below that Y (¢7) C X (¢7).
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To see this, for any § € Y (¢}), there exists t_; € T_; such that § = y(t;,¢_;). When
(t5,t-5) € UiesFilty), y(t;,t—;) = flas(ts),t;,t-suyy) € X(¢;). When (t5,t_;) ¢
UiesFi(t]), y(t;,t—;) = f(t;,t—;) € X(t]). Asaresult, Y(¢;) C X (¢}), which implies

the following inequality,

i (6 0-0),6) = min ws(5,6) 2 min, ui(7,65) = min u (£, 8-5), 1),

As a result, y Pareto dominates f, contradicting the supposition that f is ambiguous Pareto

efficient. L]

The following result establishes an easy sufficient condition for ambiguous coali-
tional monotonicity condition. If a social choice set is ambiguous Pareto efficient and that
the unacceptable deception lowers the maximin expected utility of one agent compared to
unanimous truthful report, then the ambiguous coalitional monotonicity condition is satis-

fied.

Lemma 3.6.2: Suppose Assumption 3.6.1 holds. Let F' be a social choice set in which
every function is ambiguous Pareto efficient. The set F' satisfies the ambiguous strong
monotonicity condition, if for any function f € F and unacceptable deception profile

a: T — T, there exists an agent i € I and type t; € T; such that min;_cp . u; (f(t), ti) >

ming_er , U (f(a(t)), ti)'

Proof. Suppose for any f € F' and an unacceptable deception o : 7" — T, there exists

1 € I and t; € T; such that

min w; (f(t),t;) > min w;(f(e(t)),t;).

t_;€T_; t_;€T_;

www.manaraa.com



101

Define a new social choice function h : T" — A by h(t) = f(¢) forall t € T.
Define H(tz) = {iL € A’E'tfl € T,i Stil = h(t)} and H(tZ,Oé) = {77, € A|E|t,1 €
T ist.h = h(t;,a_(t_;))}. Itis easy to see that H(¢;, ) C H(t;), which implies the

following inequality,

; , . (t . N\ — ; (B +.) > : (h +) — : . .
tirgjr}iiuz(h(tua—z(t—z))7tz) aeréléi‘,a)%(h’t’) _Eglf}(rzi)uz(h,tz) tfflel%l,i%(h(t)’tl)

= min w;(f(¢),t;) > min u;(f(a(t)),t;).

t_,eT_; t_,eT_;

The argument below shows that b € H = Ny sriescr H2) N (Nper HI'T),
For any coalition S such that © € S C [, as f is ambiguous strong incentive
compatible, we know there does not exist t* € 7™ and a deception profile 3 : T" — T such

that

min u; (f (Bs(ti,ts\() t-s), tf) mi(t7)[t-i] > ,min (f(t5 b)) mi(t]) [t —i]

for all ¢+ € S and the strict inequality holds for some ¢ € S. Also, since h = f, we
could replace the function f by h on the left-hand side. Hence, we have established that
he HS.

For the grand coalition [ and any f’ € F, since f’ is ambiguous Pareto efficient, we

know there does not exist a deception profile § : T'— T and t* € T™ such that

min ui(f'(ﬁ@;f,t,i)),t;f)m(t;)[t,i] > min w(F(E ), £ m(E) [t

t €T t_i€T—;

for all ¢ € I and the strict inequality holds for some 7 € I. Thus we have also established
thath € H/"L.

Hence, we have proved the lemma. 0
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3.6.1 Ambiguous Pareto Efficient Social Choice Functions
Let F' be the set of all ambiguous Pareto efficient social choice functions. If the set

F also satisfies the bad outcome property, then it is doubly implementable.
Recall that Assumption 3.4.1 holds because we have Wald-type maximin prefer-

ences.

Corollary 3.6.1: If the set of all ambiguous Pareto efficient allocations F satisfies the bad
outcome property, then F' is doubly implementable as an ambiguous Nash equilibrium and

an ambiguous strong equilibrium.

Proof. Lemma 3.6.1 has proved that /' is ambiguous strong incentive compatible.
For any social choice function f € F' and deception o : T° — T'. Suppose « is
unacceptable, then there exists f o « that is not ambiguous Pareto efficient. We know there

must exist an agent ¢ € [ and ¢; € I; such that

min w; (f(t),t;) > min w;(f(a(t)),t;).

t_,€T_; t_€T_;
Otherwise, as f o « gives agents the same interim utility with f, which would contradict
with the supposition that f o « is not ambiguous Pareto efficient. By Lemma 3.6.2, F
satisfies the ambiguous strong monotonicity condition.

The local Pareto efficiency condition follows from the ambiguous Pareto efficiency
of F'.

Recall that with Wald-type maximin preferences, 7' = 7T, and thus the closure
condition also holds trivially.

In view of Theorem 3.5.1, when [ satisfies the bad outcome property, F'is doubly
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implementable as an ambiguous Nash equilibrium and an ambiguous strong equilibrium.

]

3.6.2 Maximin Core

In this subsection, we doubly implement the set of all maximin core allocations
of de Castro et al. (2011) under the Wald-type maximin preferences and the private value
utility functions.

We define a feasible outcome for an economy below. Suppose in an economy, there
are L goods and the total amount of each good [ is a non-negative number ¢! € R, . Each
agent i has a deterministic initial endowment of (e}, e?,...,e~) € RY\{0}. The set of
feasible pure outcomes is X = {(z1,22,...,2,)|z; : T — REVi € I, and Y, 2i(t) <
elvt € T, = 1,2,...,L}. When defined on pure outcomes, agents’ utility functions
are strictly increasing in each dimension of her private consumption. The set of feasible
outcomes is A = A(X). For any social choice function f : " — A, type profile t € T,
and coalition S, if there exists a lottery with support A" C A and each z(t) € A’ satisfies
YoicsTi(t) <Y g€ thenwesay > . o fi(t) <> qei

Let 0 be a vector of zeros, which can serve as a bad outcome when every social
choice function f € F satisfies min, e, w;(f(t;,t—;),t;) > ming_er_, u;(e, t;).

The following notion is a modification of de Castro et al. (2011)’s maximin core

allocation in their Definition 3.12. The major difference is that we only require a blocking

coalition to strictly improve the interim preferences of one member.

Definition 3.6.1: A social choice function f is said to be a maximin core allocation if there
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does not exist S C I, t* € T*, and another social choice function y : T — A, such that

1. Zyl(t) < Zeiforallt eT,

i€S i€S
2. tmi%1 wi(y(t:, t=),t7) > tmi%l wi(f(t7,t=),t7) for all i € S and the strict in-
—i€d—4 —i€d—4

equality holds for some i € S.

Corollary 3.6.2: The set of all maximin core allocations is doubly implementable as an

ambiguous Nash equilibrium and an ambiguous strong equilibrium.

Proof. By setting S = 1, it is easy to see that [’ satisfies the ambiguous Pareto efficiency
condition. By Lemma 3.6.1, F' is ambiguous strong incentive compatible.

For any social choice function f € F' and unacceptable deception v : T" — T'. As
f o « is not a maximin core allocation, there exists S C I,t* € T*,andy : T — A such

that

1. Zyz(t) < Zei forallt € T,
ies icS
2. min wu(y(t,t-;),t7) > min w(f(a(t;,t-;)),t;) for all i € S and the strict

t_;€T_; t_;€T_;

inequality holds for some i € S.

We suppose by way of contradiction that

t_,€T—; t_;e€T_;
Then we know there exists S C I,t* € T*,and y : T' — A such that

LY yi(t) <> eiforallt €T,

i€s i€s
Comin (Y, ), t) > min g (F(E ), ;
2 ,min v (y(t,t20),t7) > ,min v (f(tr,t_;),t;) for all i € S and the strict in

equality holds for some 7 € S.
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This contradicts with the fact that f € F, the maximin core. Hence, we know that there

exists an agent 7 € [ and a type t; € T; such that

min w; (f(e(t)),t;) < mln wi(f(t),6).

t*ieT—i 16T7

By Lemma 3.6.2, F' satisfies the ambiguous strong monotonicity condition.

Follow the argument of Corollary 3.6.1, we can also establish the conditions of
local Pareto efficiency and closure.

Notice that by setting S to be singleton coalitions, for all f € ', € [ and t; € T,
ming_er , wi(f(t),t;) > ming_er , ui(e,t;) > u;(0,¢;). As a result, the outcome that
gives all agents zero consumption can serve as a “bad outcome”. Hence, the bad outcome
property holds as well.

In view of Theorem 3.5.1, F'is doubly implementable as an ambiguous Nash equi-

librium and an ambiguous strong equilibrium. 0

3.6.3 Maximin Value
In this subsection, we show that the (interim) maximin value allocation of An-
gelopoulos and Koutsougeras (2015) is doubly implementable under the Wald-type max-
imin preferences and the private value utility functions.
For each t € T and weight profile A(¢) € R’ \{0}, define the characteristic function

by Vi+(0) = 0, and for any coalition S C I, define

Vai(S) = maX{ZA mm uZ (ti,t" \Zx Zei vt' e T}.

€S €S €S

Notice that for any disjoint coalitions S*, 5? C I, we have V, ,(S* U S?) > V,,(S!) +
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V\.+(5?). The Shapley value of agent 7 under type profile ¢ is defined as

m(vi0 = 3 == ) - vasv i)

S31

The notion below comes from Definition 2 of Angelopoulos and Koutsougeras

(2015).

Definition 3.6.2: A social choice function f : T — A is a maximin value allocation if for

eacht € T, there exists a weight profile A(t) € R \{0} such that

t/_ieT—i

We denote \(t) >> 0 if every dimension of A(¢) is strictly positive.

Corollary 3.6.3: Let F' be the set of all maximin value allocations. If for each f € F, its
weight profile A(t) >> 0 for all t € T, then F is doubly implementable as an ambiguous

Nash equilibrium and an ambiguous strong equilibrium.

Proof. We first establish that /' satisfies the ambiguous Pareto efficiency condition. Sup-
pose not, then there exists f € F', a social choice function y : T — A, and a type profile

t* € T™ such that

in ;i (y(t;,t— > )t
t_rirgir}_i ul(y(twt*l) t ) — ILI’.IEI%I_ ul(f(twt*l)?tz)

for all 7 € I and and the strict inequality holds for some ¢ € I. Since A(t*) >> 0,

A i it ((f(tr ).t
; ), min wi(y(t], ; ), min wi(f(t]1-0), 1)

= Shi(Vaw) = Vag (1),

icl
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a contradiction with the definition of V) +«(I). Hence, F' is ambiguous Pareto efficient. By
Lemma 3.6.1, F'is ambiguous strong incentive compatible.
For a social choice function f € F' and an unacceptable deception v : T — T'. We

know that there exists an agent ¢ € I and a type ¢; € 7; such that

Jmin ui(f(a(t) 1) < min wi(f(). ).

If not, f o a would either bring the same interim utilities with f or Pareto dominates f.
The former contradicts the fact that f o « is not a value allocation and the latter contradicts
the ambiguous Pareto efficiency of F. By Lemma 3.6.2, F' satisfies the ambiguous strong
monotonicity condition.

Follow the argument of Corollary 3.6.2, we can also establish the conditions of
local Pareto efficiency and closure.

As in Corollary 3.6.2, to establish the bad outcome property, it suffices to verify
that ming cr , ui(f(ti,t;), ti) > wi(e,t;) > uy(0,t;) forall f € F,i € [and t; € T;. We

have that

tl_iET_i

— - W=D =IOy ()~ v 0 (i)

5o ]!
> Z (1S] — 1)|!§\|!f! —|S)! Vo) - Va5 (i) — Va1 ()
— Z (15| - 1)‘!]@“1! - \S|)!VM({2'}) = Vo ({i}) = M(wiles t).

Since )\l(t) > 0, we know I’Ilintlﬂ_eTﬂ. Ul<f(tl, tiz)? tl) > ui(e, tl) > uz(O, tl)
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In view of Theorem 3.5.1, F'is doubly implementable as an ambiguous Nash equi-

librium and an ambiguous strong equilibrium. U

3.7 Conclusion
This paper introduces the maximin expected utility framework into the problem of
fully implementing a social choice set as an ambiguous coalitional equilibrium. We also
identify conditions for a social choice set to be doubly implementable as an ambiguous
Nash equilibrium and an ambiguous strong equilibrium. Under the Wald-type maximin
preferences, we doubly implement the set of all ambiguous efficient social choice functions,
the maximin core, and the maximin value, and thus provide insights beyond the Bayesian

implementation literature.
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APPENDIX A
APPENDIX TO CHAPTER 1

A.1 Proofs and Examples
Proof of Lemma 1.3.1. It is sufficient to prove the “only if” direction. For simplicity, we
only prove the first statement. The second statement can be proved in a similar way.
Suppose a mechanism with ambiguous transfers M = (M, G, ®) extracts the full

surplus, then there exists an equilibrium o such that

=33 A Op(6) = max >3 ui(d(6),6)p(6). v € .

Define ¢(#) = (o (f)) for all € ©. For each ¢ € ®, define ¢ : © — RN by ¢ = ¢ o0,
and denote the collection of all ¢ by ®.
Now we prove that the direct mechanism with ambiguous transfers M = (¢, ®) is

incentive compatible. To see this, foralli € I, 0;,0, € ©;,

;gg [ui ((07, 0-3), (03, 0-3)) + ¢s(0;, 0-5)]pi(0-4]0:)
6_,e0_;

=inf > [ui(d(0(6;,6-2)), (6:,0-5)) + Gi(a(8},6-0)]pi(6-i]6:)

ped 0_,e0_;

< inf > [ui(@(0(6:,6-4)), (6:,0-4)) + G0 (6:,0-0)]pi(0-i/6;)

oed ,

= inf [ui<Q(0i7 0_3), (0;, 971)) + ¢i(0:, 0_3)]pi (0-i|0;),

0_,€0_;
where the inequality comes from the fact that 0;(0,) € M; can be viewed as a message sent

by ¢ under the constant strategy. Therefore, M is incentive compatible. [
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Lemma A.1.1: If the BDP property holds for agent i, then for all ;, 6; € ©; with 6; #* 0,

there exists V%% : © — RN such that,

1. Zz/}fiéi(e) = 0forallf € O

Jjel

2.3 000;,0-,)p;(0-510,) = 0 forall j € I and 6; € ©;;
O,jee,j
0_,€0_;

Proof. We start with defining vectors ey for all § € © and Po,o, forall j € I,0;,0) € ©;.
Each of the vectors has N x |©| dimensions, and each dimension corresponds to an agent
and a type profile. For each 6 € O, let all elements of ey that correspond to the type profile
0 be 1 and everywhere else be 0. For each j € I and 0,0} € ©;, let elements of Po,o, that
correspond to the agent j and some type profile (6},0_;) be p;(0_;|0;) forall 0_; € ©_;.
Everywhere else of Po,0), is 0.1

Suppose by way of contradiction that the BDP property holds for agent 7, but there
exists 52-, éz € O, with 6; =+ él such that no d)éiéi satisfies the three conditions. By Fred-

holm’s theorem of the alternative, there exist coefficients (ag,);jcr,0,co, and (bs)sco such

that

Pag, =D D a0,p00, + Y beco. (A1)

J€el GJ‘G@j 0cO

Fix any agent j # . All elements of pj 4 that correspond to agent j are zero. All

those corresponding to agent i and 6; are zero, too. Those corresponding to agent i and 0;

'As an illustration, we look at a two-agent example with © being
((01,03),(01,03),(62,04),(0%,62)). For each ey or Po,¢;» any of its first four dimen-
sions corresponds to agent 1 and a type profile. Any of its last four dimensions corre-
sponds to agent 2 and a type profile. Then for example, €62,01) = (0,0,1,0,0,0,1,0) and

p&%@% = (07 0,0, 0,P2(9ﬂ9§), Oap2(0%’0%)a 0)-
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may not be zero. The three observations, along with expression (A.1), imply that

0 = ag;p;(0i,0-i—;16;) + o, 0,0, ;:V0i,0;5,0_i—;, (A.2)
0= agpi(0;,0-i;10:) + bg,0,0 , ;> 05,0, (A.3)
pi(0;,0-i-410:) = ag pi(0;,0-i516) + b5 5. 05,0 i ;. (A4)

By choosing ; = 6; in expression (A.2) and cancelling ba,0,,6_,_, In expressions
(A.2) and (A.3), we have ag,p;(0;,0_;_;|0;) = agpi(0;,0_;_;|6;). Summing across all

0_,_; € ©_;,_; when N > 3 and ignoring any ¢_,_; when N = 2 yields agjpj(éiwj) =

ag,pi(0;10;). As p(-) is a common prior, we further know ag, = ag, i Eg?)) forall ; € ©,.

By choosing 0; = 6; in expression (A.2) and plugging in agy, derived in the previous

0; A 0 A
— ag, 53303, 0-i-510;) = —ag Bg3pi(6;,0-i16:) for

paragraph, we know b; 4 o | o

i—j

all 9]', G,i,j.

By plugging béiﬂjﬁiiﬁ derived in the previous paragraph into expression (A.4),

we obtain pi(ej, Q,i,j’éi) = (aé2 — Qg, igz;; )pl(ej, 07i7j|éi) for all 9]',9,1',]‘. HCHCC, aéi —

%ﬁ—% = 1 and p;(-6;) = pi(-|6;), a contradiction. O

Lemma A.1.2: For any positive integer K and any matrix X i « i whose diagonal elements

are all negative, there exists A € R¥\{0} such that Z?Zl z i, # Oforallk € {1,..., K}.

Proof. We prove the result by induction.
First, let K = 1. Pick an arbitrary A\; > 0. As z1; < 0, the statement holds for 1.
Suppose the statement holds for K —1, where /' > 2. Now we consider an arbitrary
Xk «rx with negative diagonal elements. By the supposition for the northwest A — 1 by

K — 1 block, there exists (A1, ..., \x_1) € RE"1\{0} such that Z];K;ll x,; A, # 0 for all
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ke{l,..K —1}

Case 1. Suppose Z%Kz_ll i ;. 7 0. Let Ax = 0, and thus the statement holds for

K.
K-1
Case 2. Suppose Z T = 0 and gp, Ay, # 0 for some kg € {1,..., K — 1}.
k=1
Let (}\/1, ceny )‘/K71> = ()\17 ceny )\kofl, )\kO—FE, )\k0+17 ceey )\Kfl) fore > 0. Then Zgz_ll Z'K,;)\;; 7£

0. When e is sufficiently close to zero, Z%K:_ll 25\ # 0 forall k € {1,..., K — 1}. There-
fore, we can replace (A, ..., A1) with (A}, ..., N5_;) and go back to Case 1.

Case 3. Suppose v, ;A\; = 0 for all k € {1,.., K — 1}. Let Ay > 0 and A\ #

K—1, 3
—W forall k € {1,..., K — 1} with z3x # 0. Then the statement holds for K. [

Lemma A.1.3: If the BDP property holds for all agents, then there exists 1» : © — RY

such that

1. Zwi(G) =0forall 0 € ©;
el

2. > wi(6:,0_)pi(0-i]0;) = 0 forall i € I and 6; € ©;
0_,€e0_;

0_,€0_;

Proof. Let K be the cardinality of K = {(6;,0;)|i € I,0;,0;, € ©;,0; # 0;}. Let f : K —
{1, ..., K} be a one-to-one mapping, which allows us to index the elements of K.

Forall k, k € {1,..., K} (k, k may be equal), where (k) = (6;, 01) and f‘l(/;:) =
(Q:j, 5j), wedefine,; =)y o wf:jéj (6;,0_;)p;(6_;16;), where each @Déﬂ'éﬂ' is defined and

proved to exist in Lemma A.1.1. By the third property of wéi %, we know e < 0.

From Lemma A.1.2, there exists A € RX\{0} such that S wg A # 0 for all
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k € {1,..., K}. This implies that for all (6;, 6;) € K,

K K
—1/1 ~ _ —1/7 ~ —
ST vl W0 0p 0100 = D Dol D(0:,0-)pi(0-416:) # 0.
];‘:1 0_,€0_; 0_,€0_; ];;:1
Define ¢ = Z;}Kﬂ Aot ') Then 1 satisfies the third requirement of this lemma. The

other two requirements are trivial because v is a linear combination of transfer rules satis-

fying the two equations. [

Proof of Theorem 1.4.1. As it is without loss of generality to focus on incentive compati-
ble direct mechanisms, full surplus extraction is equivalent to finding incentive compatible
and interim individually rational direct mechanism with ambiguous transfers (¢, ®) such

that

=22 6i0p(0) = max > > ui(d(6),0)p(0). Yo € ®. (A.5)
€0 icl €0 icl

We first claim that an incentive compatible and interim individually rational direct

mechanism with ambiguous transfers (¢, ®) extracts the full surplus if and only if ¢ is

ex-post efficient and Y-, o [ui(q(6;,0-:), (6;, 0_:)) + ¢i(0;,6_:)]p;(6—;]6;) = 0 for all

1€ 1,0, € ©,;, and ¢; € ®,. The “if” direction is clear from expression (A.5). To see the

“only if” direction, suppose q is inefficient or there exists i € I, 6; € ©;, and ¢ € ® such

that Y o [ui(q(0i,0-s), (6:,0-5))+¢i(0;,0_i)]pi(0—;|0;) > 0. By individual rationality

and the fact that p is a common prior, we also have

=22 6Op(0) < 3> ui(a(0),0)p(0) < max > > u;(a(0),0)p(0). (A6)

0cO jel 0co jel 0ce jel

Combining the strict and weak inequalities and taking into account Assumption 1.2.1, we
know at least one of the weak inequalities in expression (A.6) should be strict, a fact that

contradicts expression (A.5).
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Subsequently, we prove the necessity of the BDP property for full surplus extrac-
tion. Suppose by way of contradiction that there exists i € I and 6;,6; € © with §; # 6;
such that p;(-|6;) = pi(-|0;) and surplus extraction can be guaranteed. Consider a private
value auction environment with one dimensional valuations satisfying ; > 0; > ¢, for
(4,0,) # (i,6;), (4,6;). Full surplus extraction requires 7 to obtain the good. The argument

in the previous paragraph and interim incentive compatibility require that

3 0. (h. . . 10\ — > i 0. (h. . . ,7._
2 (Bt 0u(6:,0-))pi(0-116) = 0 > inf 0 E(; (Bt 0:0:,6-0)pi(6-416)

The above inequality, p;(+|0;) = p;(-|6;), and the fact that 6; > 6; imply

<z15r€1£> (ei + ¢;(6;, 94))171‘(94"91') <0,
0_,€0_;

which contradicts interim individual rationality of type—éi agent 1.

To demonstrate the sufficiency of the BDP property, pick an arbitrary ex-post ef-
ficient allocation rule g. Define two transfer rules ¢ and ¢’ by ¢; = —n; + ¢); and
¢, = —n; — cy; for all @ € I, where 1 is defined and proved to exist in Lemma A.1.3,

n:(0) = u;(q(0),0) for all € O, and c is no less than

max

0;7#0;

Zg_ieg_i[ui(Q(éiy 9—2‘)7 (Q_i, 9—1’)) — U (Q(ém 9—1‘), (éw Q—i))]pi(e—iw_i)
_il6))] '

Define & = {¢, ¢'}. All interim individual rationality constraints bind because when agents
truthfully report, each —n); extracts agent ¢’s full surplus, and c); has zero interim expected
value under agent i’s belief. To check incentive compatibility, notice the choice of ¢ gives
agents non-positive worst-case expected payoffs when they misreport. Hence, (¢, ®) ex-

tracts the full surplus. 0
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Proof of Theorem 1.4.2. Necessity. Suppose there exists agent ¢ € [ and her different
types 0;,0; € © such that p;(-|6;) = pi(-|0;). We will establish the existence of a profile
of utility functions and an efficient allocation rule ¢ such that ¢ cannot be implemented via
an interim individually rational and ex-post budget-balanced mechanism with ambiguous
transfers.

Consider an adaptation of the utility functions constructed by Kosenok and Sev-
erinov (2008). Let A = {xo, 21, 2}, where all agents’ payoffs of consuming the outside
option xq are zero. The payoffs for agent ¢ and all j # ¢ to consume z; and x5 are given

below with 0 < a < B.

Table A.1.1: Payoffs of Feasible Outcomes in Proof of Theorem 1.4.2
wi(w1, (05,95)) | uj(w1,(0:,0,)) | wilwa, (0:,05)) | s, (0:,65))
Gi = 91 a a a+B a-2B
0; =0, 0 a a a
01' 7é éi, 91 a a 0 a

The efficient allocation rule is ¢(0) = x5 if 6; = 6; and ¢(#) = z; elsewhere.
Suppose by way of contradiction that there exists an interim individually rational
and ex-post budget-balanced mechanism with ambiguous transfers implementing ¢. Denote

the set of transfers by ®. Then from /C(6;6;) and IC(6,0;),

;gg{a + D 60, 0-)pi(0-310,)} > qifelg{a +B+ Y 6i(6:,0-)pi(0-i10,)},

0_:€0_; 0_,€0_;
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infla+ Y &0, 0-0p(0-10)} > inf{0+ 3 6i(0h,0-)pi(0-410:)}-

0-i€0—; 0_,€0_;

Recall that p;(-|0;) = p;(-|6;). Adding the above two inequalities gives 2a > a + B, a
contradiction. Therefore, ¢ is not implementable via an interim individually rational and
ex-post budget-balanced mechanism with ambiguous transfers.

Sufficiency. Pick an arbitrary ex-post budget-balanced transfer rule  : © — RY
such that Ze,iee,i [u; (q(@i, 0_:), (0, 9_1-)) + n;(0;,0_;)|pi(0_;]0;) > 0 for all i € I and
0; € ©,;. By Lemma A.1.3, there exists an ex-post budget-balanced transfer rule ¢/ which
gives all agents zero expected values when they truthfully report and gives an agent 7 non-
zero expected value when she is the only misreporting agent.

Pick any c that is no less than

Z [w; (Q(éu 0-i), (6:, 9—z‘)) —1—772-(671-, 0-i)—u (Q(Qz‘a 0-i), (0:, 9—1)) —772'(51', 0_i)]pi(0—; |§z)
0_,€6_;

| D b, 6-)pi(6-i16)]

6_icO_;
foralli € 1,0, 6, € ©,, and 0; #* 6;, where ¢ exists because the denominator is positive.
Let M be (¢, {n + ct,n — cib}).

Interim individual rationality of M comes from the choice of 7 and the fact that v
gives agents zero expected values when they truthfully report. For all 7 € I and 6;, 0; € O,

with 6, #* éi, the choice of c indicates that

Z [ui<Q<§i767i)7 (91, 971)) + ni(e_iaefi)}pi(efﬂa‘) >

min{ > [ui(q(6:,0-:), (0:,0-:)) + 0i(0;, 0—;) £ e (6;, 0_3)pi(0—:]6;)},

and thus we have interim incentive compatibility of M. Ex-post budget balance of M

www.manaraa.com



117

follows from the property of 7 and ). Therefore, M is an interim individually rational and

ex-post budget-balanced mechanism with ambiguous transfers that implements q. [

Proof of Theorem 1.5.1. Necessity. By relabeling the indices, we assume without loss of
generality that agent 1 has identical beliefs under 6] and 67, agent 2 has identical beliefs
under 6} and 02, and that L, > L;. For each agent i, let 6; and 6_; be generic elements
of ©, and ©_;. For convenience, 07" and 6§} are also used to represent generic elements of
O, and ©,. We ignore 6_; 5 if N = 2. Now we construct a profile of private value utility
functions such that an efficient outcome is not implementable. This would establish the
necessity of the condition that at least N — 1 agents satisfy the BDP property.

Let agent 1 own a unit of private good and all others be potential buyers. Let 6;
represent agent i’s private value of trading, where 63 > —0! > 62 > —0? > ... > 01" >
—0" > 6; > 0 for all other ;. No trade gives all agents zero payoffs. The efficient
allocation rule g is that agent 1 should trade with 2 if and only if 67" 4 65 > 0 (note that
07" 4+ 65 # 0 by construction).

Suppose by way of contradiction that an interim individually rational and ex-post
budget-balanced mechanism with ambiguous transfers, denoted by M = (¢, ), imple-
ments ¢. By individual rationality, for all ; € I and 6, type-6; agent i’s worst-case expected
payoff from participation is Up, > 0. Hence, by fixing any ¢ € ®, we have

> 0il0n 0 )pi(0-i0:) > Up, — > wilq(6:,0-,), (6:,0-))pi(0-i]0;) (A7)
0i€0 0_,€0_,
for 7 € I and ; € ©;. Multiply each of the inequalities by p(6;) and sum across all 7 and

;. By ex-post budget balance, the left-hand side of the aggregated inequality is zero and
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the right-hand side,

NI U9+Zp6m — 07> pu(B3167) —i—Zp 63)(— 65 > p(67'163))

i€l 0;,€0; n<m m>n

(A.8)
is non-positive. From IC(6%60}) and IC(63603), for all ¢ > 0, there exists ¢!, ¢* € ®
satisfying

IC(6101) — > 61(01,05,0-12)p1(05,0-1507) + € > ~UZ + 67 > pi(6567),

n,0_1_9 n<l

IC(0303) — > @307 ,03,0_12)pa(07",0_15]03) + € > Uy + 03 Y pa(67']63).

m,0_1_2 m>2
Note p1(-|01) = p1(-|6?) and py(+|03) = p2(-|02). Add IC(6367) and (A.7), where (i,0;) =
(1,61) and ¢ = ¢'. Then, let € go to zero. Similarly, add IC(6363) and (A.7), where
(i,0;) = (2,602) and ¢ = ¢*. Then, let € go to zero. We obtain the following two equations.
Up > Up + (67 = 01)> _pi(65167),  Ug > Uz + (05 — 63) > pa(67']63).
n<l m>2

By plugging the above two inequalities into expression (A.8), we have that (A.8) is no less

than

D p(O7) (= 07> pi(65167) + p(6) (67 — 61) > pi(6516})

n<m n<l

+ > p(05) (= 05> pa(67165)) + p(63) (03 — 63) > pa(67'63). (A.9)

m>n m>2

In the above expression, the coefficients of 6] and 03 are

S 56516 — p8) S p (616 = — (p(6) + p(62) PO0) i gy

n<l1 n<l1 p(e%)
0} 07163) + p(6} orit) = —p(on 200 pr gy
2)2172( 1'162) + p( 2)2102( 1'63) = —p(65) PO p(01,65),
m>1 m>2 2
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where the strict inequality follows from Assumption 1.2.1. Let #] and 6} be sufficiently
close in absolute value and all other values 6; be close to zero. Then expression (A.9)
is positive, contradicting 0 > (A.8) > (A.9). Therefore, ¢ cannot be implemented via
an interim individually rational and ex-post budget-balanced mechanism with ambiguous
transfers.

Sufficiency. When all agents satisfy the BDP property, the sufficiency part is
proven by Theorem 1.4.2. When there is exactly one agent, 7, whose BDP property fails,
following Lemmas A.1.1 through A.1.3, one can prove that there exists ¢ : © — R such

that

1. > 4p;(6) =0forall § € ©;
J€el

2. ) 4(0;,0-,)p;(6_]6;) = Oforall j € T and 6, € O;
9,]'697]'

3.0 (0;,0_;)p;(6_;10;) # 0 forall j # i and 6, 6; € ©; satisfying 0; # 6.
0_;€0_;
Noticee that the third statement is different from the one in Lemma A.1.3, as agent ¢ in this
theorem has identical beliefs under different types.
We construct a mechanism where agent ¢ obtains all the surplus by truthfully re-
porting. Forall # € © and j € [ with j # 4, let n;(0) = —u;(q(0),6,), and n;(0) =
— 5 50).

Pick any c that is no less than

s Yo eo [ (a(05,0-5),05) = u;(a(0;,0-,),0;)1p;(0-516,)
771050, €0, | 220 e0., ¥i(05,0-3)p;(6-516;)]

0,;7#0;

Let the set of ambiguous transfers be ® = {n + cy»,n — ¢}, which is interim

individually rational and ex-post budget-balanced. The choice of 7, ¥, and ¢ implies that
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for any agent j # ¢ with type éj, truthfully reporting gives her zero worst-case expected
payoffs while lying gives her non-positive ones. Therefore, j’s incentive compatibility
constraints are satisfied.

For type-f; agent i, the argument below verifies her incentive compatibility con-

straints:

min{ Y [ui(q(6:,0-:),60:) + > u;(q(6:,0-:),60;) & cbi(0;,0-5)]pi(6-10;)}

0_;€0_; j#i
= Z [ z( (9179 g +Zuj 6270 )] 2(0*1‘971)
0_,€0_; J#1
> Z [ Z( 6@79 9_ +Zu] 6179 )] 2(971‘9_')
0_,€0_; J#i
> min{ Z ui (g (6;,0_;), )+ Z u;(q q(0;,0_; ),0;) ctbi(05,0—:)pi(0—i]0:) },
0_,€0_; JFi

where the equality comes from the second property of v, the first inequality comes from
ex-post efficiency of ¢, and the second inequality comes from the minimization operation.
Therefore, the interim individually rational and ex-post budget-balanced mecha-

nism with ambiguous transfers implements q. [

Example A.1.1: In this private value example, N — 1 agents satisfy the BDP property. But
an inefficient allocation rule q is not implementable via an interim individually rational
and ex-post budget-balanced mechanism with ambiguous transfers.

Define a common prior p by p(63,05) = 2/7, and p(0) = 1/7 for all other 6. Only
agent 2 satisfies the BDP property. Let feasible allocations be A = {xo,x1,22}. Recall
that xq, the outside option, gives both agents zero payoffs. The payoffs of x1 and x4 are

presented below.
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Table A.1.2: Feasible Outcomes of Example A.1.1

61 10,0 0,0 61 | 2,0 | 2,0
67 12,0 | 2,0 67 1 0,0 | 0,0
67 10,0 |00 67 10,0 0,0
Consider an allocation rule q(0) = x5 if 0, = 03, and q(0) = z; elsewhere.

Suppose by way of contradiction that q is implemented by M = (q, ®), where each ¢ €
is interpreted as a payment from agent 1 to 2. Let U} and U} denote type-0} and type-62

agent 1’s worst-case expected payoff from participation.

As TR(0}) and IC(6261) hold, for any € > 0, there exists ¢' € ® such that

IR(6;) — 0.5¢" (61, 63) — 0.5¢" (65, 03) > Uy,

IC(0767) Ul +€>2—0.5¢"(0],03) — 0.5¢" (0, 03).
Similarly, by IR(0%) and IC(016?), for any € > 0, there exists ¢* € ® such that

ITR(07) — 0.5¢%(07,62) — 0.5¢%(¢5, 63) > U7,

1C(016%) Ul +¢>2—0.5¢0%(62,03) — 0.5¢%(62,63).

We add the above inequalities pairwise and let € go to zero. Thus we have U? > 2 + U}

and U} > 2 + UL. These two expressions imply 0 > 4, which is a contradiction.

Proof of Proposition 1.5.1. Foreach: € I, let §; be a generic element of ©,. By relabeling

the indices, we assume without loss of generality there are (691)91759%, (592)927593 > 0 such
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that py(-|07) = 324, g1 Boup1(+161) and pa(-|03) = 324, g2 Boop2(+[62), L2 > L1, and

ﬁ@% > ﬂQQ

V0, # 03,02, A.10
o) = piy 7% (A10)

Suppose agent 1 owns a unit of private good and all others are potential buyers. For each
i € I, let 6; be agent i’s private value of trading, where 0 > —0 > 62 > —02 > ... >
021 > —@X > ¢, for all other 6;. No trade gives all agents zero payoffs. The efficient
allocation rule ¢ is that agent 1 should trade with 2 if and only if 6; + 65 > 0. Subsequently,
we will prove that ¢ is not implementable, which proves the necessity of the condition.
Suppose by way of contradiction there exists an individually rational and budget-
balanced Bayesian transfer ¢ that implements ¢q. Then by individual rationality and incen-

tive compatibility, for all i € I, 6; # 0;, the following inequalities hold:

IR(éz) Z ¢z 92, 9—1 pz Zuz 91, 9—1 ) ( |9 )
1C(6:0;) quz (0, 0_3)pi(0 Zqﬁl 0i, 0-:)p:(0-:16:)
> = wi(q(0:,0-), 00 Zuz (63,62, 0:)p:(0-416:)-
0_;

We choose a constant § > 0 sufficiently large such that

063p(03) _ Bo,p(6)
p(03) — p(th)

V0, # 01, (A.11)

and then denote the left-hand-side term by 7. Now we compute the weighted sum of the
above individual rationality and incentive compatibility constraints where (1) the weight
of TR(67) is p(61) (7 + 1), (2) for each 6; # 67 the weight of I R(6,) is p(61)y — Ba,p(07),

(3) the weight of TR(62) is p(63)(y + 0), (4) for each 6y # 63 the weight of TR(f,) is
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p(0a)y — 6B9,p(03), (5) for each i # 1,2 and 6; € O, the weight of T R(0;) is p(6;)7, (6)
for each 0; # 0] the weight of IC(6,0}) is p(61)ps,, (7) for each 6, # 62 the weight of
IC(0263) is 639,p(03), and (8) every other inequality has weight zero. From expressions
(A.10) and (A.11), we know all the weights are non-negative.

Ex-post budget balance cancels all terms containing transfers in the weighted sum,
and thus the left-hand side is zero. On the right-hand side, the coefficients of 6] and 6}
are —(v + 1)p(01,03) and —yp(61,0}) respectively. Therefore, by choosing 6] and 6]
sufficiently close in absolute value and all other 6; close to zero, the right-hand side of the

weighted sum is positive, a contradiction. 0

Lemma A.1.4: Given the belief system (p,( |91)) if the BDP and NCP* properties

1€1,0,€0,°
hold for agent i , then for all 6;, éz € O, with 6; #+ éi, there exists wéiél’ : O = RY such
that,

1.3 " 0% (0) = 0 forall § € ©;

jel

2.3 000;,0-,)p;(0-516,) > 0forall j € 1,6, € ©;;
0

,jée)fj
élél 2 )

3. Z ¥ (05, 0-0)pi(6-:]6:) < O.

0_,€0_;
Proof. We prove by contraposition. Suppose there exists 0; # 6; such that no WM) sat-
isfies the above three requirements. By Motzkin’s theorem of the alternative, there exist
coefficients (bg)sce and non-negative coefficients (ay, ) jer,9,co, such that

Dy,6, = Z Z a;P6;6; — 25969. (A.12)
jJEI 6;€0; 9cO

We will subsequently establish that expression (A.12) holds if and only if either p;(-|0;) =
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pz(|éz) or both groups of equations in the NCP* property are satisfied by i, ;, 0;, a distri-
bution 11 € A(©), constants C' > 0, and C' > 1. The only if part would imply either the
BDP or NCP* property is violated for agent .

We prove the “only if” direction first. Expression (A.12) implies

ag,pi(0;,0-i—10:) = bo,g,0 ., V0; # 01,5 # 1,605,060, (A.13)
agpi0;,0-i510:) = pi(05,0-5510:) = b, o .,V #1,05,60-i, (A.14)
aejpj(ez‘, 9—1’-;'\93') = bei,ej,e_i_javei,j # i, Qj, 9—1’—;’- (A.15)

We remark that throughout the proof, if N = 2, we ignore any term ¢_;_; to avoid in-
troducing additional notation. By canceling g9 , . in (A.13) and (A.15), we also have
ag, = 0.

Case 1. Suppose a; = 0 for some 0; # 6;. The argument below shows that

ag = 1, ap; = 0 for all (j,0;) # (i,éi), b, 0,60, ;, = 0 for all 6;, 0;, and 0_;_;, and

7

— ~

pi(-10:) = pi(-[67).
Canceling béi,ej,e,i,j in (A.13) and (A.15) yields
0= agpi(0;,0-:;10:) = ag,p;(0;,0—;—;10;)
for all j # 4,0;,0_;_;. From Assumption 1.5.1, it must be the case that ay, = 0 for all
Jj #iand0;.
By expression (A.15), the previous paragraph implies by, g, 0_,_, = 0 for all 0;, 6;,
and 0_;_;. From expression (A.13), we further know ay, = 0 for all 0; # QAZ

By canceling b, 5 o , in (A.14) and (A.15), we have

agpi(05,0-i—516:) — pi(0;,0-5510) = ao,p;(6:,0-55(0;) = 0
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forall 0; and 6_;_;. Summing the equation across all f; and 6_;_;, we get a;, = 1 and thus

— ~

pi(-10:) = pi(-[6:).

Case 2. Suppose ay, > 0 for all §; # 6;. Similar to the argument of the previous
case, we know a; > 1 and ap, > 0 for all (4, 0;) # (i, 0;). Subsequently, we will establish
that i, 0;,0;, a distribution ;1 € A(0), constants C' > 0, and C' > 1 satisfy both groups of

equations in the NCP* property so that the property fails.

Define 1 € A(O) by u(6) = Z;:@ = for all # € ©. Then from expressions (A.13)

and (A.15), we know p(+10;) = p;(-|6;) and p(6;) = az i 0 for all (4,6;) # (i,6;).

Hence, the first group of equations in the statement of the NCP* property holds. By can-

~

celing b; o . . in expressions (A.14) and (A.15), we have ag pi(6;,-|0;) = pi(0; 10;) +

CL@].]?j(éi, 110;) for all j # i and 0;, where ag, = 11(0;) Y 5.0 bg = ,u(e_i)% jeobg =

pl(aj |97,)

ag ]) Recall ag, > 0 and ay, > 1. Thus by defining C = ag, and C = a;., We can see

i pj (0310
the second group of equations in the NCP* property also holds. Hence, the BDP property
fails.

Now we prove the “if” direction, which will be used by Lemma A.1.5. When

pi(+10;) = pi(-|6;), define (1) a, = 1, (2) ag, = O for all (j, 6;) # (i, 6;), and (3) by = 0 for

all € ©. When the two groups of equations in the NCP* property hold for i, 6;, 9}, u, C,

and C, define (1) ag, = C, a5, = C, (2) by, = CH051, 90,60, and (3) ag, = CL24,
V(k,0;) # (i,0;), (i, 0;). For both cases, it is easy to verify expression (A.12). O

Proof of Theorem 1.5.2. Suppose the BDP and NCP* properties hold for all agents. Ac-
cording to Lemma A.1.4, for all s € I and 6;, él € O, with 6, # é,-, there exists @béiéi 0 —

R¥, such that the three requirements are satisfied.
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Let 77 be any interim individually rational and ex-post budget-balanced transfer
rule. Define ® = {n,n + %% : j € 16,0, € ©,,6; #+ 6}, where ¢ is suf-

ficiently large such that for all j € [ and e_j7éj € O; with G_j # 0;, the expression

~ — — ~ —

>0 eo_,1i(q(05,0-;), (65,0-;)) — u;(q(6;,0-;), (6;,0-;)) +n;(6;,0-;) —n; (60;,0-;) +

e (0;,0-)p;(0-516;) is negative,

For any type-f; agent i, the inequality below shows that misreporting 0 is not prof-

itable:

min [ui(q(0;,0—;), (05, 0-)) + ¢i(0;,0_;)|pi(0—;16;)

= Z [wi(q(0i,0-3), (65, 0-:)) + n(0;,0_)]pi (6 0;)

0_,€0_;
> Z [wi(q(0, 6-2), (83, 6-0)) + 163, 0_) + % (0, 6_))ps(6_,16:)
0_,e0_;
> lglelg (i (q(0:,0-5), (0:,0-5)) + 6:(0:, 0_)]ps(0_]0:),
0_,e0_;

where the equality follows from the second requirement of Lemma A.1.4 and the composi-
tion of ambiguous transfers, the first inequality comes from the choice of ¢, and the second
inequality comes from the composition of ambiguous transfers again. Interim individual
rationality and ex-post budget balance follow from corresponding properties of 7 and each

¢ € P. O

Lemma A.1.5: Given beliefs (pz( |6’,)) that are not generated by a common prior,

i€1,0,€0;

if the BDP property holds for all agents, then the NCP* property holds for at least N — 1

agents.

Proof. Let all agents satisfy the BDP property. Suppose by way of contradiction that there
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are agents ¢ # j for whom the NCP* property fails. Suppose types 0; # 0; and 0; # éj
are the two pairs that fail the NCP* property. By the two-case argument of Lemma A.1.4,
there exist coefficients (ag, )rerp,co, > 0 where ag, > 1, (bg)oco, (co,)keroco, > 0

where ¢; > 1, and (dg)oco such that ps5 = > 401D 0 co, @0.Po0, — Dgeo boco and
Pa,6, = D kel 26,co, CorPoro, — D gco doco. Thus, the following equations hold. Note that

we ignore 0_;_; if N = 2.

a0, pi(05,0_i—;|0:) = be,0,0_,_;, 0; # éi,VOj, 0_i—j,
a3,pi(65,0-i-510:) — pi(6;,0_i-516:) = b,9,0 03,01,
ag,p;j(0i,0_i_;10;) = bg,0,6_,_,,Y0:,0;,0_i_;,

copi (03,0110 = do,g, 6.0, 0;.0_i_ .

co,p;j (03, 0—i-310;) = do, 0,0, ,,¥0; # 0;,90;,0_;_;,

¢,03 (0:,0-5410;) = (05,0 510;) = dy g 5 ¥0:;, 0.

Canceling all by, g, 0_, ;, dg,0,6_, ;» and p;(0;,60_;_;|0;) in the above equations

yields:

ag,pi(0;,0-i;10;)  co,pi(0;,0_i;|0:) A A
== : 7 79 ] i 9 —i—7 Al

™ S 0, # 0,90, % 0,,¥0_,_, (A.16)

a4, pi(03,0-5-510:) = pi(0;,0-5-10))  capi(6;,0-i510:) YR A7)
- 9 Vi 710 —1—7 .

agj ng
i (0;,0_;_:10; 1i(0;,0_;_3160 i(0;,0_;_:160; .
aazp( J J| ) — Cazp( J ]| ) 4 Cozp( J ]l ),vel 7£ Hi,vefifj, (A18)
a(;j Céj Cé]_Cg_j
aypi(0;,0-i;16:) — pi(0;,0_i;6:) _ c3,pi(0;,0_i_;10:) N ¢, pi(0;,0-5510) Vo,
ag, ¢, €y, T
(A.19)
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Step 1. We want to prove for all 0_;_; € ©_;_;, either all the four numbers
pi(0;,0_i_510), pi(0;,0_i_;10), pi(0;,0_;_;|0;), and p;(6;,6_;_;|6;) are positive, or they
are all equal to zero.

From Assumption 1.5.1, there exists HN_Z-_j such that p;(0;, é_i_j|§i) > 0. Hence,

expressions (A.17) and (A.18) imply % — J’ :— — zi > 0. Thus for each 0_;_;, ei-
j i Y %5

ther (1) pi(0;, 0—i—;10;), pi(0;,0—;—;10;), and p;(0;,0_;_;0;) > 0, or (2) p;(0;,0_;_;|6;) =
pi(0;,0-510;) = pi(8;,0_;_;10;) = 0.

If pi(6;,0_i_;0:), pi(8;,60_i_;16:), and p;(8;,6_;_;]6;) > 0, expression (A.19) im-
plies that pi(éj, 0_;_;16:) > 0.

If pi(0;,60_i416:) = pi(8;,60_;;10;) = pi(6;,0_;_;16;) = 0, we must also have

ag. Co. .
-+ = —_which
9. .

pi(6;,6_;_;]6:;) = 0. Because otherwise expression (A.19) would imply - p

A~ — — A~

further means that p;(6;, -10;) = p;(6;,-|6;) = 0, a contradiction.

Step 2. We want to prove that for all §_;_; € ©_;_; such that p;(6;,60_,_;|0;) > 0,

pi(0;,0_i-310;)  pi(0;,0-,_;16;)

pi0;,0-i-510:)  pi(0;,0-5510:)
When p;(0;,60_;_;|0;) > 0, canceling g Co» and ¢, in expressions (A.16) through
(A.19) yields

X _ _ _ G . _
cg,pi05,0-i-510:) + pi(0;,0-50:) %%~ 0 o Pil0,0-i410)
(

(

pz’(éja 0_i—j ’éz') .

ngpi(ej, 67i7j|9i> +pi<(9j, 67i7j|9i) a; — plA’—
pz‘(@ﬁﬂﬁ@) > ( )pi(eijvefi—jw;')
pi(05,0—i—;10;) pi(05,0—i—;10:)
pi(0;.0-i—;10:)
pi(05,0—i—;10:)
Pi(03.0-i—410:) _ pi(éjﬁ—i—jl@:)
pi(05,0—i—;10:) pi(05,0—i—;10:)

Suppose The left-hand side of the above equation is

Pi(0;,0—i—;10:)

and the right-hand side is less (greater) than PRI AL

greater (less) than

a contradiction. Hence, . Rearranging terms yields the desired

result.
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Step 3. We want to prove that p;(-|0;) = p;(-|0;), which contradicts the BDP prop-

erty.

Cél’_ forall §; # éj. Plugging it into expression

C
9]

Expression (A.16) implies that % =
J

(A.17) yields (Z — %)pi(ej,e_i_ﬂéi) = %@pi(ej,e_i_j@) for all §; # 6; and 6_;_;.
Hence,

pi(0;,6-i510:)  pi(6;,0-i_;16:) 5 z - i
= = = = = ,V6’ 7&(9',(9_1‘_' S.t. pl(9,9_l_]9l) > 0, and 9_1‘_'.
pi(eja 0—i—j|9i) pi(ﬁj, efiijei) ! ! ! ! ! !

Combining this expression with Step 1 and Step 2, we have established the desired result.

]

Lemma A.1.6: Let q be an efficient allocation rule under a private value environment. For
any i € 1, ©; C ©; with |©;| > 2, and distribution 1 € A(O_;), there exist values
(U9¢)9ie(:)¢ > 0 such that U9¢ - UH{ > Ze,ie®,i[ui(q(6;> 971')7 01) - ui(q((%, 94); 92)]7T(9*2)

forall 6,0, € O..

Proof. Let aloop be a sequence (6}, 62, ..., 05) in ©, with length K > 2and 0} = 6. As g
is ex-post efficient, u; (q(0; ", 0), 07 )+, s ui(q(05 1, 0-4),0;) > wi(q(6F, 0-,), 07 )+
> i ui(q(0%,0_;),0,) forallk = 1,.., K — 1 and 6_; € ©_;. Summing the inequalities
across k = 1, ..., K — 1, we obtain that 31— ' [u; (q(6%, 0_,), 0¥) —u; (q(6%,6_,),6%)] < 0.
This is the “cyclical monotonicity” condition is the literature.

Fix an arbitrary 0; € ©,. For each (0;,0_;) € ©; x O_;, define the function Vi(e) :
0; x O_; = R by:

K-1
Vi(0;,0-;) = sup > luia(0F,0-0), 0F7") — wila (65, 6-4), 6)].

1 ky; i o
(9i ,...,Gi )~1s any finite sequence k=1
starting with 6; and ending with 6,
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Then by Theorem 1 of Rochet (1987) or Proposition 5.2 of Borgers et al. (2015), V;(+) is a
well-defined function satisfying

Vi(0:,0-:) — Vi(0;,0-:) > Z ui(q(0;,0-),0:) — wi(q(0;,0-,),6;),v0;,0; € O;.

0_,c0_;
When we choose C' > 0 sufficiently large, Uy, = Ze_iee)_i Vi(0;,0_;)mi(0_;) + C > 0 for

all 0; € (:)Z Hence, we have established the desired result. OJ

Proof of Theorem 1.5.3. Suppose there do not exist agents ¢ # j such that the BDP prop-
erty fails for ¢ and the NCP* property fails for j. Then either of the following is true. Case
1: there are at least N — 1 agents satisfying both the BDP and NCP* properties. Note by
Lemma A.1.5, a special situation in this case is that all agents satisfy the BDP property.
Case 2: all agents satisfy the NCP* property.

Case 1. Suppose there are at least N — 1 agents satisfying both the BDP and NCP*
properties. By Lemma A.1.4, there exists I’ C [ with [I’| > N — 1 such that for all i € I’
and 0; # éi, there exists wéiéi : © — R, such that the three requirements in the lemma
are satisfied.

Pick an agent ¢ € I, where {i} = I\I' if I\I’ is a singleton and ¢ € [ is arbitrary
if I\I' = (). As in Theorem 1.5.1, let 7 be an interim individually rational and ex-post
budget-balanced transfer rule such that agent 7 obtains all the surplus. Define & = {n} U
{n+ %% . j el j+1i0;,0; €O, 0; #0;} where cis sufficiently large such that for

all j # i and 0, #é

0> > [uj(q(6;,0-;),6;) —u;(q(6;,0;),06;) +C%Ufjéj(éj,9—;‘)]Pj(9—j|9_j)-
0_,co_;
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For agent j # ¢ with type 6;, truthfully reporting gives her a worst-case expected
utility level of zero because the worst transfer rule, 7, extracts all her surplus. Thus, j’s
interim individual rationality condition binds. The choice of ¢ makes misreporting unprof-
itable. Therefore, her incentive compatibility condition holds.

When all agents truthfully report, a type-0; agent i obtains a worst-case expected

payoff of

gleig [1i(q(0,0-4),0:) + 6:(0:,05)ps(0—:16:)
0_,€0_;

Z uz 27 —1 é +ZU] 8179—1 )}pz(e—z@)zo
€0_

J#

. Hence, agent ¢’s interim individual rationality condition holds. By efficiency of ¢, this
term is weakly higher than Y7, o [ui(q(6:,0-),0;) + >, u;(q(6:,0,),0;)]p:(6i]6;)
for all 6; +£ ;. Note the latter expression is weakly higher than the worst-case expected pay-
off of misreporting ;, mingeq Ze,iee,i[“i(Q(éu 0_:),0;) + ¢;(6:,0_,)]p:i(6_]0;). Hence,
we have also verified agent 7’s incentive compatibility.

Ex-post budget balance is easy to see. Therefore, the individually rational and
budget-balanced mechanism with ambiguous transfers implements q.

Case 2. Suppose all agents satisfy the NCP* property. For any j € I, let P; be
the partition of ©; such that p;(-|0;) = p;(:|¢;) if and only if 6; and 0} are in the same
©; € P;. For each O, with |©,] > 2 and 6§, € O, define Uy, according to Lemma A.1.6.
For a singleton ©; € P; and {6;} = O, define Uyp;, = 0.

We will demonstrate that for each i and 0; # 0;, the following system has a solution
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> O (01, 0-)pi(0-410:) = U, — > uila(0:,0-4),0)pi(0-46:),

97]'6@7]' 0_,€0_;
ST 0005, 0-)p(0-510,) = Uo,— > uy(a(95,6-,),6,)p;(6-516,),
0_;€0_; 0-;€0—;

v(jvej) 7é (ivéi)>
N e =0,v0 € 0,

Jel
— N 0,0 (0-i10:) = ~Up + > uia(9,60-),0)pi(6-i16,).
0_;€0_; 0_,c0_;

Suppose by way of contradiction that the system does not have a solution. By a theorem
of the alternative, there exist coefficients a;,, (Clgj)(jﬂj)#(i’gi) > 0, (bg)geco, and V5.6, = 0
that are not all zero, such that the weighted sum of the left-hand sides of the expressions is
cancelled and the weighted sum of the right-hand sides is positive.

Suppose 755 = 0. Following Lemma A.1.4, we know (ao,)je16,c0, > 0 and

(bg)oco = 0. Define p(0) = for all 6, which is a common prior, contradicting the

Zeeo
assumption that beliefs are not generated from a common prior.

Suppose 7545 > 0. From Lemma A.1.4 and that the NCP* property holds for
all agents, we know: (1) p;(-|6;) = pl(|éz), and (2) among all the coefficients, a; =
73,6, > 0 and everything else is zero. According to Lemma A.1.6, the choice of U, and Uy,
satisfies U, — Ug, + ZG_iEG_i[ui(q(éiv 0_),0;) — ui(q(6;,0_;),0,)]pi(0_]0;) < 0. Hence,
the weighted sum of the right-hand sides is non-positive, a contradiction.

Therefore, for each i, 0; =+ éi, the system has a solution qbéiéi. Let the set of am-

biguous transfers be & = {gbéiéi,w, 0;, é, € 0,6 #* QAZ} The interim individually rational
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and ex-post budget-balanced mechanism with ambiguous transfers implements q. O

A.2 Including Agents without Private Information

In this section, we relax the assumption that |©;| > 2 for all i € I. Denote the set
of all agents with at least two types by I, which has a cardinality of N. As an agent in [ \1:
has only one type, she cannot lie. We claim that all theorems of this paper hold if N > 2,
1.e., at least two agents have private information.

To see why including agents without private information may be interesting, con-
sider two consumers with unknown values paying for producing a costly public project.
In this example [ = {1,2} and I = {1, 2,3}, where 3 is interpreted as a producer whose
payoff (profit) is the payments of 1 and 2 minus the cost of production. By efficiency
and budget balance, two consumers’ aggregated utility from the project minus the cost of
production should be maximized.

We demonstrate the modification needed for Theorem 1.4.2 as an example. In Lem-
mas A.1.1 through A.1.3, we replace all I with I and all N’ with N. Then we extend the
transfer rule ¢ to include agents I\ by letting v;(#) = 0 forall i € I\I and € ©. Let
7 be a transfer rule that is interim individually rational and ex-post budget balanced across
every agent ¢ € I. Then one can follow Theorem 1.4.2 to construct ambiguous transfers.
Incentive compatibility of agents in I is achieved in the same way as the original proof.
We obtain incentive compatibility of all other agents for free as each of them has only one
type. Individual rationality and budget balance follow from the respective properties of 7

and .
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APPENDIX B
APPENDIX TO CHAPTER 2

B.1 Proofs
This Appendix establishes the relationship between the conditions for interim coali-

tional implementation and those for robust coalitional implementation.

Proposition B.1.1: Given a payoff environment ©, a social choice function f is robust
coalitional incentive compatible if and only if it is interim coalitional incentive compatible

in all type spaces with payoff environment ©.

Proof. We prove the “only if” part of the proposition first. Let f be a robust coalitional
incentive compatible social choice function. Suppose by way of contradiction that there
exists a type space 7, S € S, t5 € T, and ag: Ty — T's such that forall ¢ € S,

> ui(f(Oas(ts). t-9)). 0(t51-5) )t lt-ilE5 o)

t_;€T_;

> 3 w0t ts)), 00t t8) ) Mt alt o)

t_;€T_;

Foralli € S, let 07 = 0;(t7) and 0/ = 0;(c;(t?)). The above inequality shows that for
all i € S, there exists 6" ¢ such that u; (f (0%, 0" g), (0%, 0" 5)) > w; (f(05,6"5), (05,60 5)),
contradicting the robust coalitional incentive compatibility condition.

To prove the “if”” part, suppose that f does not satisfy the robust coalitional incentive
compatibility condition, i.e., there exists S € S, and 0%, 0 € Og such that for all i € S,
there exists §° g € ©_g such that u;(f (65, 0" 5), (0%, 0" 5)) > wi(f(05 0 5), (05,0 5)).

Then we let 7 be any payoff type space satisfying the following restriction: for all i € S
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and t* € T, satisfying 0;(t7) = 67

79

m;i(t¥)[-] puts weight 1 on the type profile ¢_; with
payoff type profile (6%, 6" o). For each i € S, let t] be the type with payoff type 6/, and
«; : T; — T; be the identical mapping except that «;(t) = t.. In the type space T, for all

1€ S,

> i F (00t t-5)). 6085, ts) )t -l o)

t_;€T_;
> w(F (0 1s)), 00t ts) ) malt) [t g
t_ €T
Therefore, f is not interim coalitional incentive compatible in 7, a contradiction. [

In order to establish the equivalence between the interim coalitional monotonicity
condition under all type spaces and the robust coalitional monotonicity condition, we begin

with several auxiliary definitions and as well as one auxiliary equivalence relationship.

Definition B.1.1: Given a type space T and a coalition S € S, the social choice function
f satisfies the S interim coalitional monotonicity condition if whenever « is unacceptable
at t*, there exists h € Hy L) Such that foralli e S,

Z u; <h(04(t§7 t_s)), 0(ts, t—s)) Tt [t -ilts ()

t_,eT_;

> 30 s FO(alts ), 0Es, t) ) male) [t g )

t_;€T_;

Definition B.1.2: Given a coalition S € S, a social choice function f satisfies the S ro-
bust coalitional monotonicity condition if whenever the deception profile 3 is unaccept-
able at the pair (9%, 0'), for any conjectures and distributions (6" 4 € B_g(O_s), () €

A(ﬂ_S(Q’_iS)))ies, there exists y € st’@/ such that for all i € S,
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S (00, (85, 0-6)) i (0s)
0_seB_g(0"g)

- Z ui(f(ei%g/—i ) (957 >)¢z( )

0-sEB_5(0"5)

Lemma B.1.1: Given a coalition S € § and a payoff environment ©, a social choice func-
tion f is S robust coalitional monotonic if and only if it is S interim coalitional monotonic

in all type spaces with payoff environment ©.

Proof. We begin with proving the “if”” part of the equivalence relation. Let f satisfy the
S interim coalitional monotonicity condition in all type spaces, but suppose by way of
contradiction that the .S robust coalitional monotonicity condition fails. Then there exists
an unacceptable deception profile 3 at the pair (6*,0') and (8" € B_g(O_s),¢i(-) €
A(B (0" ), s> such that whenever y € YJ , there exists some ¢ € S such that
Z ui (y (0, 0"5), (05, 0-s)) i(0-s)
0_seB_5(0" 5)

< Z i (f(05,0%5), (05,0-s))i(6-s). (B.1)

0_seB”5(0" 5)
The proof proceeds as follows. Firstly, we construct a type space 7, where T; =
T} UT? for all i € I. Secondly, we define an unacceptable deception profile o : T — 7.
Thirdly, a contradiction is reached.
For the above-mentioned 6* € ©, ¢’ € 3(0), and (" 5, 1;(+)):ics such that the above
statement is satisfied. For each i € I, we will construct a type set T\
For all j ¢ S, there is a bijection & : T} — {(0;,6])|6; € ©;,6] € B,(6;)}. For

all i € S, T} has only one element. For each j ¢ S and t; with £ (t;) = (6;,6]), let t;
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has payoff type 6; and a full support belief type over T}j. Foralli € S, lett; € T} has
payoff type 0;(t;) = 0%. Its belief type satisfies m;(¢;)[t_;] = ¢;(6_g) if t_; € T, and
&s(t—s) = (0-s, 6’@5).

For each ¢ € I, construct another type set 77> below.

For all i € I, a type set T} is bijection to © under & : T — ©; x [];,4©;. For
each t; € T? with £2(t;) = (65, (6;);¢5). let 0;(t;) = 6; and 7,(£;)[t_;] be any distribution
over T2, such that the margin on the event that (¢;) ;¢ has payoff type profile (6;);¢s equals
1, and the margin has full support over Tg\ (i}

Fix any § € O. Let a deception profile o : T' — T be:

(€711 li) ifi € Sandt; € T},
a;(t;) = [ﬁz] W6Y.85) ifid Sandt — [€1]71(6:,07) € T,

t; elsewhere.

It is easy to see the deception profile «v is unacceptable at the type profile ¢* such
that &} (t;) = (6;,6;) foralli € S and £ (t;) = (6;,6)) forall j € S.

Therefore, there exists h € H g’a(t*) such that the strict inequality in Definition
B.1.1 holds for all i € S. Forall € O, define y(§) = h(as(t*s), ([g?]*l(ej,é_j))ﬁs).
By letting t% go over all type profiles in T2, one can verify that y € st ¥ The strict
inequalities in Definition B.1.1 imply that for all 7 € S,

ST iyl 0%5), (05, 0-9))i(0-s)

0_s€EB” (0" )

> Z wi(f(05,0"5), (0s,0_5))vi(0_s),
0_sEB”5(0"g)

a contradiction to expression (B.1).
Now we prove the “only if” half of the equivalence relation. Let 7 be an arbitrary

type space with payoff environment ©. Let o : 7" — T be an unacceptable deception
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profile at t*. Define a correspondence 3 : © — 2°\() by B(0) = Usreria—ey(t) for all
0 € O. Let 0* = (t*) and ¢ = 0(a(t*)). From the supposition, 3 is not acceptable at the
pair (6%,0").

Suppose the social choice function f satisfies the S robust coalitional monotonicity
condition. Then we know for any conjectures and distributions (6" ¢ € B_s(0_s), ¢i(-) €

A(,B_S(G’_is)))ies, there exists y € st’el such that for all 7 € S,

S w0, 07). (95.0-5))i(0-s)

0_seB_g(0")

> ) wilf(0,00). (05, 0-9))vi(0-s).

0_s€EB_5(0"5)

Foralli € Sand 0"y € ©_g, let;(-) € A(B_gs(0"5)) be

Vi(0_s) = Zﬁi(tf)[t—i|t§\{i}] / Z mi(6) [E-ilts )]
{t-5:0_s(t-s5)=0-s, {t_sf_s(a_s(t-5))=0"}
éfs(afs(t,s))zg/_is}

for all _g € ©_g when the denominator is nonzero, and let ¢; be any distribution ;(-) €
A(B_g(0"5)) when the denominator is zero. For all t € T, let h(t) = y(0%,0_s(t_s)).
Then,

> ui(h(alts, ts)), 0005, t-9) )il 1l )

t_;€T_;

S ( 3 ui(y(é"s,efs),(93,9—5))%‘(9—3))(Zwi(t:)[t—iltz‘\{i}])

9/7: c G_Se ~ .
—-s B - t_g:0_ _g(t_ =4"
B_gO_g5) BLEEY t-s:0-s (a-s(t-s))=025)

> 3 (X w05 075), 05,0-6)i(0-)) (S mlE el )

0" € 0_s€
s e
B_g®_g) B_5(0"g)

5 (Blatrst-e))). 005,10 () i )

t_,e€T_;

{t_s:_s (a—s(t—s)>=0fs}
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for all + € S, where the inequality follows from the S robust coalitional monotonicity

condition. It is straightforward to see h € H g’a(t*) from y € st ¥ Hence, we have
established the S interim coalitional monotonicity condition in 7. As 7 is arbitrary, we
have proved that the S interim coalitional monotonicity condition holds in all type spaces

with payoff environment ©. U

Proposition B.1.2: A social choice function f is robust coalitional monotonic if and only

if it is interim coalitional monotonic in all type spaces with payoff environment ©.

Proof. The social choice function f satisfies the interim (robust) coalitional monotonicity
condition if and only if there exists S € S such that f satisfies the S interim (robust)
coalitional monotonicity condition. Then by applying Lemma B.1.1, we can prove the

desired result. O
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